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1. Introduction.

Let A be an associative algebra with involution * over a field F'. Amitsur
[2] defined a *-polynomial to be a polynomial where the variables can also
appear with a * (such polynomials are then evaluated on associative algebras
with involution in the obvious way). When A = M,,(F'), the n x n matrices
with entries in F', the ideal I(M, (F),*) of x-identities coincides with either
I(M,(F),t) for t the transpose involution or I(M,,(F'), s) for s the symplectic
involution (n even) [17, Thm. 3.1.62]. In both cases, the question of what is
the minimal degree of a *-polynomial identity is still open. In [6], Giambruno
shows that over a field F' of characteristic not 2, a *-polynomial identity for
M, (F) with n > 2 must be of degree greater than n. In the symplectic case,
Drensky and Giambruno [5] improve on this by showing the minimal degree
of a *-polynomial identity for M, (F,s) with n > 4 to be greater than n + 1.

We also note that the x-identities for Ms(F'), F' of characteristic 0, have
been completely determined by Levchenko, Drensky and Giambruno [4, 5, 9,
10] for both types of involutions. In [3], the present authors established the
minimal degree for x-identities of M, (F,t) when n < 5 and also provided
generators for the minimal degree identities. The purpose of this paper is to
do the same for M, (F,s) when n < 5. The general case n > 5 for * =t or s
will be treated separately.

As always, there are two aspects to this type of results: producing the
identities and showing that there are no others. The existence results hold
for arbitrary fields and are proved using the fact that matrix algebras or some
subspaces are in some sense of degree 1 or 2. For the uniqueness results we
must impose some mild characteristic restrictions and these proofs ultimately
depend on substitutions. We begin with a few preliminaries.

We first recall that if the characteristic of the field F' is not 2, the ex-
istence of a x-identity of a given degree d in an algebra A is equivalent to
the existence of a polynomial of the same degree which yields 0 for every
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substitution where the first k£ variables are replaced by symmetric elements
of (A,x*) and the remaining d — k variables are replaced by skew-symmetric
elements of (A, x), for k some integer between 0 and d (see for example [6]).

With this in mind, we remark that when n = 2, the 2 x 2 symmetric ma-
trices Hy(F,s) = FI, I the identity matrix, and so [z, y| := zy — yx vanishes
whenever z is replaced by any element of Hy(F,s) and y by any element of
Ms(F,s). One easily checks that My(F,s) has no x-identity of degree 1 and
that all x-identities of degree 2 come from the above. Consequently, since the
symplectic involution occurs only when n is even, the remainder of this paper
will be concerned with the case n = 4.

Consider My(F,s), s the symplectic involution, i.e., the involution in-

duced by
0 I
—I, 0|
In this case the symmetric elements of My (F),

A B

Hy(F.s) = {C at

:| , AGMQ(F)7 B,CEKQ(F,t),

and the skew-symmetric elements,

Ka(F, s) = {é{ _it} . AeMy(F), B,Ce Hy(F.t).
By an abuse of notation, we will write p(z1,z2,...,%,), 1, To, ..,xp €
Hy(F,s) and xgy1, ..., zn € K4(F,s) if 1, xa,...,25 are replaced by el-
ements of Hy(F,s) and xg11, ..., T, by elements of K4(F, s), and we will say
that x1, xs,. .. ,x, are symmetric variables, ry11, ..., T, are skew-symmetric
variables and that p(xi,xa,...,x,) is of type k, n — k. If the polynomial
p(x1,x9,...,2,) vanishes whenever x1, xa,...,x5 € Hy(F,s) and xgyq, ...,

xn € K4(F,s), then, since Ms(F') embeds in Hy(F,s) and K4(F,s) via

A 0

0 A

A 0
AH{O At]

and A [ } , A€ My(F),

p must be a polynomial identity of My(F'). The multilinear identities of
My (F) of degree 5 are well-known (for instance, see [14]). They form a vec-
tor space of dimension 29 over F'. To cut the problem down still further we
will consider the subspaces HV5 and KV5 of symmetric and skew-symmetric
elements of V5 with respect to ¢ the reversal involution, i.e., the unique invo-
lution of the free associative algebra fixing the generators. These spaces have
dimensions 15 and 14 respectively. Using this notation, we can present our
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main results as a table that lists the dimensions of the subspaces of multilinear
x-identities of My(F, s):

H K HVs KVs Vs
0 5 0 0 0
1 4 0 0 0
2 3 0 6 6
3 2 7 6 13
4 1 7 10 17
5 0 10 10 20

The first (respectively second) column indicates the number of symmetric
(respectively skew-symmetric) variables while the third (respectively fourth)
column lists the dimension of the corresponding space of (-symmetric (re-
spectively (-skew-symmetric) multilinear identities. The fifth column is the
sum of the entries of columns 3 and 4, that is, the dimension of the space of
multilinear identities of degree 5 having the prescribed number of symmet-
ric and skew-symmetric variables. For example the second to last line says
that the total dimension of the space of multilinear identities of My(F,s) of
degree 5 involving 4 symmetric and 1 skew-symmetric variables is 17. Of
these, the -symmetric polynomials form a 7-dimensional subspace and the
t-skew-symmetric polynomials form a 10-dimensional subspace.

One should not expect such a profusion of identities for higher degree
algebras. Naturally, the richer the supply of identities, the greater the number
of substitutions needed to circumscribe them.

2. The Identities.

In large part, our identities will follow from the fact that the Pfaffian is a
quadratic form on Hy(F') which is a Jordan algebra of degree 2 with respect to
this quadratic form. Letting ¢ denote the Pfaffian, q(x,y) the bilinearization
of g and t(x) := q(z, 1), the trace, we have for =, y, z € Hy(F,s),

2 =t(x)e —qg(@)l  and  xye=yU, = q(z,y)z —q(2)y, (1)
where § = t(y)1 — y. These equations linearize to

tVy =zoy:=zy+yx =tx)y+t(y)r —q(z,y)l,

~ . (2
yUs . ={z, y, 2} :=ayz + zyx = q(x,9)z + q(z,§)z — q(z, 2)F.

where T is the usual trace of 4 x 4 matrices. In
(zy) which we also write 2¢(zy) even though strictly

The trace t(x

) z),
particular, t(zy+y T

) =
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speaking this does not make sense since xy need not be an element of Hy(F).

Applying t to the first equation of (2) yields

q(z,y) = t(x)t(y) — t(zy).

(3)

We will denote the usual commutator by square brackets, and a less common

triple product by pointy brackets:
[z, Y] == zy — yx, <x, Y, Z2> = XYz — Y.
We shall also need the Jordan derivation
aDy. = a[Vy, V.] ={a,b,c} —{a,c,b} =[a, [b, ]
By (4) and (2),

[CL‘, [mla $2]] = Q(iC,J?_l)xQ + Q(SC275’3_1)5U - Q($7$2)$_1
—q(z,73)r1 — q(r1,72)x + q(x, 21)T2

— e, T2 — o, 22T — ale, T2 + 4l 1),
since q(z2,%1) = q(T2,21). It is then easy to check that
q(aDy,c,d) = —q(a,dDy ) for a,b,c,d € Hy.
In particular, since [Hy, Hy) = Ky,
q([z1, Y], z2) = —q(z1, [22, y]), r; € Hy, ye Ky
Since [z, y] is of trace 0,

m: —[LL‘, y] and [i‘7 y] = _["Ev y]

t-Skew-Symmetric Identities.

We first obtain :-skew-symmetric identities that are consequences of

Wagner’s central identity [13].

Lemma 2.1. Ifx; € Hy, y; € K4 and z is an arbitrary variable then
1, 11]? and [z1, y1] o[22, y2]

are central polynomials and hence

p1(951,y172) = Hl’h y1]2, Z],

p2($17$2791792,2) = Hxh yl] © ['TQ? y2]? Z]
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are identities of My(F,s).

PROOF. Since [z;, y;] is a symmetric element of trace 0, the first state-
ment follows from (1) and (2). O

Replacing z by ys, (respectively z3) in ps and taking all possible per-
mutations yields a 6-dimensional space of (-skew-symmetric identities of type
2,3, (respectively 3,2).

Lemma 2.2. If x; € Hy, then [x1, x2)? and hence its complete linearization
[x1, z2] o [z3, T4] + [21, 24] 0 [23, 2]

are central polynomials and so for an arbitrary variable z,

p3(9017$2,2) = [[$17 902]2, Z],

pa(x1, 2, 3,24, 2) = [[T1, ®2] 0 [x3, T4] + [T1, x4] 0[5, T2], 2]

are identities of My(F),s).

PROOF. It was noted by Jacobson [13] that while [a, 0] € K4 when a,
b € H4, the polynomial

[iEl, 332]2 = (-T1Ux2) °cr; — $12Uz2 - $22Ux1
is a Jordan polynomial which is a central identity for Jordan algebras of a
nondegenerate quadratic form. Therefore, the same holds for its complete
linearization. U
For z; € Hy, the polynomial py[z1,x2,x3, x4, x5] along with those ob-
tained by permuting the variables span a space of dimension 10 of t-skew-

symmetric identities of type 5,0. Moreover, for y € K4, the polynomials

p4($1,932,933,934,y) = Hxl» 332] © [553, 96'4] + [1'1» 5E4] © [553, 96'2], y]

pa(T1, 23,72, 74,y) = [[71, @3] 0 [T2, 24| + [T1, T4] 0 [T2, T3], Y] ®)
span a space of dimension 2 of (-skew-symmetric identities of type 4,1.
Lemma 2.3. Ifx, y, z € Hy and the trace t(z) = 0 then
ps(@,9,2) = [lz, ylozy) =20 (2U,) — z0 (aU,) — (0 2)U, + {z 2 4} (9)

evaluates to 0 in Hy.



PROOF. Expanding, one can check that equation (9) holds in any special
Jordan algebra. Since t(z) = 0, Z = —z. Using equations (1), and (2),

o (2Uy) — z0 (zUy) — (x 0 2)Uy + {2z = y°}
=zo(q(y, 2)y — q(y)z) — z o (q¢(y, T)y — q(y)T)
— (t(x)z — q(z, 2)1)Uy + (2, 2)y* + ¢(¥*, )z — q(y®, 2)Z
= —q(y,2)yox+qy)roz—q(y,T)yoz
+q(y)T 0 2z — t(x)2Uy + q(y°, )2 — q(y°, 2)7,
T) = q(z, )
= —q(y, 2)(t(y)z + t(z)y — q(y, 2)1) + 2t(x)q(y)z — q(y, T)(t(y)=
—q(y,2)1) — t(x)q(y, 2)y + t(x)a(y)z + q(t(y)y — a(y)1,T)2
—q(t(y)y — a(y)1, 2)z,

since ¢q(z,

using x + = = t(x)
= —q(y, 2)t(y)x — q(y, 2)t(x)y + q(y, 2)q(y, )1 + 2t(x)q(y)z
—q(y, 2)t(y)z + q(y, 2)q(y, 2)1 + L(x)q(y, 2)y — t(x)q(y)=
+t(y)a(y, 2)z — q(Y)t(2)z — t(y)a(y, 2)T + q(y)t(2)7,
since t(x) = t(z) and t(z) =0
= —t(y)q(y, 2)(x + ) + t(y)t(x)q(y, )1 + 2t(x)q(y)z — 2t(x)q(y)=
= 0. O

Replacing = by x; and linearizing y to z2, x3 in (9) yields
[[Il, IL‘Q] oz, .7133] + H:L‘l, 583] oz, IQ].

Finally replacing z by [z4,y] with z; € Hy and y € K4 (so that [z4, y] € Hy
and is of trace 0) yields an (-skew-symmetric 4,1 identity

pe(T1, 72,23, 74,y) = [[T1, T2 0 [14, Y|, 3] + [[X1, T3] 0 [74, Y], 2] (9')

Permuting the indices yields 12 such polynomials which span a subspace of
dimension 8. These together with the two identities (8) span a 10-dimensional
t-skew-symmetric subpace of K'V5s.

Remark. We now have spaces of multilinear (-skew-symmetric identities
whose dimensions correspond to those in column 4 of the table. They are all
consequences of the fact that Hy is a Jordan algebra of degree 2.



t~-Symmetric Identities.

Lemma 2.4. Ifz; € Hy and y; € K4 then
T1($1,$2,333,y1 y2) ZI3D[301 y2l, [z2, y1]

+ ) (D7 ([2(1)s Yo@)s Yo)Das, 200 (10)
oES2

+ [x37 yo—(l)]D[mG(l)7 yo‘(?)L 330-(2))
evaluates to 0 in Mjy.
PROOF. Computing each term separately using (5), (6) and (7),

23Dy, v, (w2, va] = (@3, [T1, y2))[w2, 1] — q(z3, [z2, yi])[r1, v
—q(z3, [r2, y1])[z1, o] + q(x3, [21, Ya])[z2, Y]
= 2(q(w3, [z2, y1])l71, Yol — q(xs, [21, yo])[z2, Y1)

Also
[z1, y2], ¥1]Das, oo = q([z1, v2l, 11l T3)z2 — q([[21, Y], 1], 22)73
—q([[z1, v2l, v1l, T2)xs + q([[z1, v2l, v1l, 23)72
= —q(21, [[z3, y1],y2)z2 — q(21, [[T2, Y1), ¥2])
+q(x1, [[s, y1],v2])72 + q(@1, [[v2, v1], v2])
Similarly

[z2, y1]; ¥2]Duy, oy = —q(22, [[z3, yol,v1])z1 — qlz2, [[21, v2l, y1])75
+Q(JJ2» [[z3, yal,11))@1 + q(x2, [[z1, 2, v1])s,
(23, Y1]D(ay, yol, w2 = —2(q(x3, [72, 11])[21, vl +a([z3, y1], [T1, y2])22)
+Q([$3, y1l, 71, y2])t(z2),
and
(23, Y2]Dley, 4], 20 = —2(q(xs, 21, v2])[z2, 11l +q([z3, v2l, [22, y1])z1)
+q([r3, y2l, [r2, y1])t(w1).

The terms in [z1, y2| cancel as do those in [z3, y1]. Since, by (6),

q(z1, [[z2, vl va]) = a([[z1, ya], w1l @2),
the terms in z3 as well as those in T3 cancel. It remains to consider terms in
z1 and x9. In 7 we have
q(z2, [[z3, yol, yil)z1 — q(w2, [[xs, y2|, y1])@1
+2q([z3, yal, 22, ml)or —q([zs, v2l, [z2, y1])t(z1)
= 2q(z2, [[z3, 2], v1l)z1 — q(z2, [[23, y2], n1])t(z1)
—2q([[zs, y2], nil, w2)zr + q([[x3, y2], n], w2)t(1)
= 0.



Similarly the terms in x5 cancel and 71 (z1, 2, 3, y1,y2) is an identity. O

The polynomial r; is alternating in y;, y2. Permuting the z’s yields 6
linearly independent (-symmetric identities of type 3,2.

Lemma 2.5. If z; € Hy and y € K4 then
T2($1;$2,$3>y) = Z (_1)0({:170'(1); [x0(2)7 y]7 [x0(3)7 y]}
gES3 (11)
+2[75(1), Ylo < To2), Yy To(z) >)
evaluates to 0 in My.

PROOF. We consider each summand separately:

Z(_l)a{xa(l)v [x0(2)7 y]u [ma(S)u y]}

og€S3

= > (“)7(@(@o)s Fo@)s ¥DEos), Y]
0ES3

+Q([xa(3)7 y]7 [xa(2)7 y])xa(l)
—4(Z51) [Toi3), Y)To(2), Y])
= Z (=17 (=q(z61)s [To(2), ¥)[To(s), vl
oES3
_q([xa(S)y y]a [IU(2)7 y])ma(l)
+ 4oy [Toe), Y)Zo), Y])
= ) (-D)(~a(zo1)s [To(2)s U)[Tom) V)
c€S3
+q(x0'(1)7 [2130(3), y])[xU(Q)v y])7
since ¢( , ) is symmetric,
= Z (_1)0 _2Q(x0(1)7 [IU(2)7 y])[x0(3)7 y]
oE€S3
On the other hand

Z (=1 [25(1), Ylo < To2), Y, To(z) >
gES3

= Z (=17t (o), Y]) < Tor2)s Yy To(3) >
ogE€S3

+ U< Zo2)s Yy ZTo3) >)[To(1), Y]
—q([To1), Y], <Zo), U, Toi) >)1)

= Z (_1)Ut(< Ts(2), Ys Lo(3) >)[xa(1)7 y]7
0ESs3



as the first term vanishes since ¢([x,(1), ¥]) = 0 and the last term also vanishes
since the matrix trace

T(['rl, y] < T2, Y, T3 >)
= T(xlnyQxS — Yri1x2yr3 — T1YTr3yxre + ywleny)

= T(21yT2yxs — T2YT3yxT1 — T1YT3YT2 + T3YT2YT1),

so the alternating sum will be 0. We are therefore left with

2 Z (_1)0(_Q(x0(1)7 [IU(2)7 y])[l'g(g), y]+t(< Ts(2)y Yy To(3) >)[x0(1)7 y])
o€S3

In that expression, the coefficient of [x3, y] is

2(—q(z1, [v2, y]) +H(< 21, ¥, T2 >) +q(w2, [21, Y]) —t(< 22, Y, T1 >)
=A4(t(< z1, y, 2 >) — q(71, [22, Y]))-

Since
(< x1, Yy, 22 >) = 2T (v1y72 — T2YT1)
and
4Q(m17 [mQ, y]) = 2T(x17 [x% y])
= 2T (x1 22y — 21Yx2),
our polynomial evaluates to 0. U

The identity 75 is alternating in the z;’s and its linearization in y together
with the 6 polynomials obtained from 7 (x1,x2,23,y1,%2) (of lemma 2.4)
spans a 7-dimensional space of (-symmetric identities of type 3,2.

Lemma 2.6. Ifx, x; € Hy and y € K4 then

7‘3(.T1,.’L‘2,.’13,y) = [[y7 x]? [I‘, [mh .132]”
+ D D7 (Haly, 2l wam}s Zoe)] (12)
cESs

+[$o(1)7 [xa(2)UCIZ7 y]] + [x0(1)7 [y7 xa(2)]Ux])
evaluates to 0 in My.

PROOF. Recalling that 77 = t(x1)1 — z1, (5) yields

[y, @1, [, fer, wol]] = q(2, Ty, 2], wo] + g2, 22)[ly, 2], 11]

~ 4@, 7y, ), o1] — qlas o), o), 7l )
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Since [y, x] € Hy and [y, x| = —[y, x|, using (2),

{:L‘, [y7 x]7w1} = _(J(xa [y7 x])xl —q(xy, [y, (L‘])ZE + Q(mvxl)[yv (L‘]
and

[{:I?, [yv 33],:171}, 372] - [{xa [ya x]7$2}a -771]
= —q(z, [y, z))[z1, 2] —q(z1,[y, 2|z, 2] +q(z,21)[ly, 2], z2] (14)
+Q(x7 [ya :L‘])[IQ, x1]+Q($27[y7 m])[x7 xl] _q(xv"r?)[[ya x]v xl]'

Since (T3, y] = —[z2, yl,

[1, [22Uq, y]] = [z2, [21Us, y]] =
q(z,72)[z1, [z, Y]]+ q(@)[z1, |22, V]| (15)
—q(z,71)[22, [z, Y]] — q(z)[z2, [21, Y]]
and

[z1, [y, 22]Us] — [@2, [y, 21]Us] =

—q(@, [y, x2))[z1, z]+ q()[z1, [y, =2]] (16)

+q(@, [y, 71])[z2, 7] —q(@)[r2, [y, 21]].

Adding (13), (14), (15) and (16), we obtain

_ZQ(x7 [ya w])[xla ':CQ] +(Q<x17[ya x])+Q(x7[y7 xl]))[x% :C]
= (q(z2, [y, 2]) +q(=, [y, z2]))[z1, 7]

which is 0 by (6). d

Linearizing r3, replacing x by x3, x4, yields an identity which is sym-
metric in z3, x4 and alternating in z1, x5. Therefore permuting the variables
produces 6 polynomials, and one can check that they are linearly indepen-
dent. These 6 identities along with the identity from the next lemma will
provide a 7-dimensional space of (-symmetric identities of type 4,1.

Lemma 2.7. If x; € Hy and y € K4 then

o1
r4(21, T2, T3, T4,Y) = Z (=1) (5[%(1), [[%(2), %(3)];[%(4)7 yl]]
oES,

+ {[xcr(l)a xcr(2)]a Y, [xa(S)v .260(4)]})
evaluates to 0 in My.
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PROOF. Consider first

[[v2, 3], [74, Y]]
= —q([r4, y], T2)x3 + q([24, Y], 23)T2 + q([24, Y], T3)x2 — q([T4, Y], 22)T3
= q([r4, Y], v2)w3 +q([24, Y], 23)72 — q([24, Y], 23)72 — q([24, Y], T2)T3.

So

(21, [[z2, ®3], [z, Y]] = 2(a([24, Y], w2)[71, 23] — q([z4, Y], @3)[1, T2])

and the alternating sum

Z (—1)‘7%[%(1)7 ([To2), To@))s [To), Y]]

= > (-1)72q([Z@), Y] To@)[Ta), To@)] (17)
oES,

Assume that we are working over an algebraically closed field of charac-
teristic not 2. Let xs(z) be the characteristic polynomial of a skew-symmetric
element s and d(s) its discriminant. If 6(s) # 0 then s is diagonalizable and
the four distinct eigenvalues come in pairs v, —7y1, Y2, —72. If ¢ € My such
that csc™! = d = diag{71, 72, =1, —V2} then cs = dc; applying the involu-
tion —sc* = ¢*(—d) and dec* = cc*d. Since the entries of d are distinct, cc*
is diagonal and, replacing ¢ by (cc*)_%c if necessary, we may assume that cc*
is the identity matrix and that conjugation by c stabilizes H, and K. Since
the elements s € K, with §(s) # 0 are Zariski dense, it suffices to check that
rq(x1, T2, T3, 24,y) vanishes when y = d, a skew-symmetric diagonal element.

The following basis of Hy:

e1 = e11 + e33, €3 = €3 + €44, h1o = —(€12 + €43), ho1 = €21 + €34

hisa = e1s — €23, h3a = €32 — eqn

consists of hyperbolic pairs with respect to the Pfaffian ¢q. Since every sym-
metric entry z; of r4(z1, xe,x3,x4,y) is in a commutator, replacing x; by the
identity matrix causes the polynomial to vanish. Since r4(x1, 22,23, 24,y) is
alternating in x1, xs, x3, x4, we therefore need only check that a vanishes for
the five substitutions of four distinct elements chosen from ey, his, ho1, hi4,
hsz. For these elements, [z,d] is a multiple of . So for ¢(z;, [xj,d]) to be
nonzero, the pair (x;,z;) must be hyperbolic. Of the five substitutions above
only hio, hot, hi4, hss has two hyperbolic pairs, all the others have exactly
one. We will compute this substitution in detail. The others are similar and
easier.
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In any case q([h12,d], ha1) = 72 — 71, q([h1a,d}, ha2) = —(11 + 72),
[hlg, hgl] = diag{—L 1, 1, —1} and [h14, hgg] = diag{—l, —1, 1, 1} If we let
x1 = hy2, x2 = hoy, T3 = h14 and x4 = hso, the eight permutations yielding
a nonzero result in (17) do not change the sign of the expression,

> (1)72q([20@), dl, @) To@), To@)
geS,y

= 8((v2 — M) diag{—1,-1,1,1} — (71 + 72) diag{—1,1,1, —-1})
= 16 diag{v1, —v2, =71, 72}

Consider the second summand of r4(hi2, ho1, hi4, h32,d). By the skew-
symmetry of the commutator and the symmetry of the triple product in the
two exterior entries, we need only compute three triple products:

{[h12, ho1], d, [h1a, hs2]} = 2diag{y1, =2, —V1,V2}s

]
—{[h12, h14], d, [h21, hs2]} = —4diag{y1,0,—71,0},
{[h127 h32]7 d: [h147 h21]} :4diag{0772707 _72}

]

Z (—1)0{[330(1)7 an(z)L Y, [%(3)7 Lo (4) } = 8(2diag{v1, =2, =71, 72}
gES,y

—4diag{,0,—71,0} + 4 diag{0,72,0, =72})
= —16diag{v1, =2, —71,72}

and 7“4(h12, ha1, hi4, haa, d) =0. O

The above proof is unsatisfactory in that it sheds no light on the reasons
why r4(z1, 22, T3, x4,y) is an identity.

In [14] the second author showed that Jordan algebras of degree 2 satisfy
the following identity:

r5(71,72,23;Y) = ¥* S3(Vays Vs, Vas) — (US3(Vays Vi, Vag)) 0y

(where Ss is the standard polynomial of degree 3). This can be rewritten in
associative terms

7“5(901,902,903;9) = S4($1,902,903,y2) —Yyo S4($1,$2,$37y),

or in terms of linear triple products

r5(T1, T2, T3;Y) = Z (-1D)7({{y v xa(l)} Lo(2) fCa(:s)}
0ES3
— Y zo1) To(2)} To(3) ¥}

- {.%'0(1) {y Ts(2) 33'0-(3)} y})7
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and we keep the same notation for the linearization of rs:

T5($17$27~T37$ay) = (I oy) S3<V$17vxzﬂvx3) - (‘r S3(V117VI27V1‘3)) °yY
- (y S3(V$17V3727V373)) ox.

The ten polynomials

T? =15(T1,. .y Tiye oy Ty, T, T, %), 1<i<j<b (18)
are linearly independent and, since Hy(F') is a Jordan algebra of degree 2,
they are (-symmetric identities of type 5,0.

Remark. As was noted above, permuting the variables in py (from Lemma
2.2) and r5 will provide generators for I(H4) as a 20-dimensional F'[Ss]-
module. One can check (under mild characteristic restrictions on F') that
the character of this representation is [3,2] + [3,1,1] + [2,2,1] + [2,1,1,1] in
the usual notation for Young diagrams (where [3,2] and [2,2,1] are generated
by ps while [3,1,1] and [2,1,1,1] are generated by 75 ).

We have now produced spaces of identities of My(F,s) corresponding
to all the dimensions in our table. Assuming some restrictions on the base
field F', we now proceed to show that all x-identities of (minimal) degree 5 of
My4(F, s) are consequences of the identities presented thus far.

3. Uniqueness.

We recall that whenever the degree of each variable z; in an identity
p(x1,...,2m,) is less than the cardinality |F'| of F, then each homogeneous
component of p is also an identity. Accordingly, we will carry out a case by
case study of homogeneous *-PI’s. In order to simplify our calculations, we
first recall a useful result of Ma.

In [11], Ma defines a partial ordering on the homogeneous elements of the
free associative algebra F[X]. A polynomial p(x1,...,z,,) is said to be of type
[n1,...,ny] if the n;’s are the degrees of the z;’s rearranged in nonincreasing
order. (If an integer is repeated k times, we denote this with an exponent; for
example, [3,22,13] means [3,2,2,1,1,1].) Given homogeneous polynomials p
and p’ of degree n and n’ and of type [n1,...,n,] and [n],...,n. | respec-
tively, we say that p is lower than p’ in the partial ordering if and only if
either (i) n <n', or (ii) n = n' and n; > n} for the first j such that n; # n’.
Otherwise two polynomials are not comparable.

Now let f(x1,...,%r,Y1y--«yYsy--+,21,--.,2¢) be a homogeneous poly-
nomial identity of type [m”,n®, ..., u'] on some subspace V of M, (F) (e.g.
V = H, or K,) and set my = max{m,n,...,u,r,s,...,t}. The following
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theorem provides a relation of symmetry between variables of equal degree in
f, depending on how many there are.

Theorem 3.1. If the characteristic of F' does not divide my! and |F| >
2mg — 1, then f = fo + f1 where f;, i = 0, 1, are identities of the same type
as f and for each k with 0 < k < my, fo is symmetric or skew-symmetric
in all variables of degree k depending on whether k is even or odd while f;
comes from identities of lower type. O

This result extends to x-identities of degree n as long as we keep the k
symmetric variables and n — k skew-symmetric variables apart. By assuming
the symmetry properties of Theorem 3.1 among variables, we can greatly
reduce the number of arbitrary coefficients involved in our calculations. We
first establish that there are no identities with only skew-symmetric variables.

Theorem 3.2. K,(F,s) has no multilinear identity of degree 5.

PROOF. If f(y1,y2,Yy3,y4,ys5) were such an identity, one could assume
that it contains the monomial y1y2y3y4ys (by relabeling the variables) with
coefficient 1; we then compute

f(e13,e31,e12 — €a3, €24, €42) = €12 + Z Aij €ij,s
ij#12
which shows that f could not possibly vanish. U

We now show that there are no x-identities of type 1,4.

Theorem 3.3. M, (F,s) has no multilinear identity f(x,y1,y2,ys,ys) of de-
gree 5 with x € Hy(F,s), y; € K4(F,s).

PROOF. By Theorem 3.1, we may assume that such an identity f is
alternating in its skew variables y1, ..., y4; so we begin with f(x,y1, y2,ys3, Y4)
= Bl+BQ+Bg+B4+B5 Where

Bi= Y b Yo(1) - Yo(i-1) TYa(i) - - Yo (4)-
0ES,y

If f contains a term af’,yg(l)yg(g) T Yo (3)Yo(4), then assume that o = 1 and get

f(e12 + es3, €13, €31, €24, €42) = A3 €12+ .. .; hence o> =0 and f = By + By +
B4 + Bs. Next,
f(e11 + e33,e13, €31, €12 — €3, €24) = (al + a2)ers + Z Aij €ij,
ij£14
which implies a?, = —04(1, and hence By = —Bs. Similarly, the transpose of this
substitution, namely f(e1; + €33, €42, €34 — €21, €13, €31), will yield at = —a2

and By = —Bs. Adding to this the substitution

14



f(ea1 + €34, €13, €42, €14 + €23, €31) = (Oé?; + 042(24))611 + Z Aij €ijs
ij#11
which says that a2 = —ai@ 1) We reduce the polynomial f to

[ = Z Ao Yo (1) T|Yo(2) Yo (3) Yo (4) T Bo Yo (1) Yo (2) Yo (3) Yo (a)» 7],
ogES,

where ay = —fB5(24). So we will get f =0 as soon as a, = 0 for all o.
The coefficient of ey3 in f(e11 + e33,e12 — €43, €11 — €33, €31, €13) 18

Ay — Qg (23) T Qg(234) = 0. (19)

Multiplication on the right by the permutation (34) provides the relation
Qo (34) — Qp(234) T A (23) = 0 which when added to equation (19) yields o, =
—Qg(34), While multiplication on the right by the permutation(24) yields

Qo (24) = Qg(243) T Qg(3a) = 0. (20)
Next, the coefficient of e15 in f(e12 + €43, €11 — €33, €24, €42, €22 — €44) 1S
Oy + Qp(243) — Qo(34) = 0, (21)

and adding (20) and (21) leads to oy = —ty(24); We multiply this last relation
on the right by (34) to deduce that a,(34) = —(243), and we can now write
(21) as oy + Qp(243) — Qp(34) = 306 = 0 which implies a; = 0 provided the
characteristic of F' is not 3. Ol

We still have to establish uniqueness for identities of types 2.3, 3,2, 4.1,
and 5,0. Each type is handled by way of a long list of substitutions and
relations among coefficients. Although Theorem 3.1 helps us reduce the work
considerably by providing some symmetry relationships among variables of
the same degree, each type remains plagued by tedious calculations and a long
litany of cases. We will spare the reader and present the detailed substitutions
showing uniqueness for type 5,0 (i.e., identities of H4(F')) and only briefly
outline the outcomes for the other three types. A more detailed account of
the substitutions for the latter three types can be provided upon request.

Theorem 3.4. Under the hypotheses of Theorem 3.1 on the field F, any
polynomial identity of H4(F,s) of minimal degree is a consequence of

pa(x1, 2, 3, 4, T5) = [[X1, X2] 0 [T3, ®4] + [X1, 4] 0 23, X2], x5],
75(21, T2, 03,24, T5) = (T4 025)S3(Vay, Vo, Vas)

— (2483(Vay, Vi, Vay)) 0 5

— (25S3(Vays Vay,y Vg )) © 4.

15



PROOQF. Using the usual Young diagram notation, a homogeneous iden-
tity of degree 5 must be of type [5], [4,1], [3,2], [3,1,1], [2,2,1], [2,1,1,1] or
[1,1,1,1,1]. We can readily dismiss the extreme cases. For [5], f(z) = az®
clearly does not vanish on Hy since for instance f(e;; + es3) = a(er; +
es3). At the other extreme for [1,1,1,1, 1], we assume by Theorem 3.1 that
f(x1, 29,23, 24,25) = S5, and S5 & I(Hy,s) since the minimal degree of a
standard identity for H,, (F,s) is 2n — 2 (see [18]).

Suppose now that f(x,y) = aixty+asx3yr + azr?yr? + agzyx® + asyr?
is a typical homogeneous identity of type [4,1]. Then

fle1r +e33,e12 +e43) = arerz +ases =0 = a1 = a5 =0,
so f(x,y) = asx®yx + azx?yz? + ayryr3. Next, we compute

fleir + ess + e12 + ea3, €21 + €34) = (a2 + a3 + aq)(ess2 + €43) + ager; =0

= a4 =0, as = —ag3

and hence f(r,y) = a(z3yx — z?yz?). Finally, for I = identity matrix,
f(I + e1q4 — €23,e90 + e44) = aers + e23) = 0 yields a« = 0. Therefore, there
are no identities of type [4, 1].

The case [3, 2] requires four substitutions. We begin with a typical poly-
nomial of this type:

flx,y) = a123y? + awryry + asz?y’r + cuzyryr + aszy’c?
+ aGyscya:Q + a7y2x3 + aga:ya:Qy + agya:an: + ozloyx3y.

We successively compute

o f(e11 + e33 + e12 + eq3, €21 + €34) = (o + g + ag)err + as(ers + eq3)
+ (g + ag + ajo)ear + (a6 + ag)ess + (aa + a6 + avg)ess
+ (CYQ + asg + 0610)634 + (OéQ -+ 068)644

— ag=a10=0, asg=—ayg, az=—asg,
v f(z,y) =aqz3y? + ag(:z:zyzz:y — :Uya:2y) + a2y’ x + aszy’a?
+ Qg (ywy:v2 — yacZyx) -+ a7y2x3;

o f(e11 + esste1qa — €23, €22 + €44) = Q1€14 — Q7€23
:} al — a7 — 0’

2w f(2,y) =ao(zPyry — 2y2?y) + azz’y’r + azzy’s?
+ ag(yzyz® — yziyz);
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o f(e11 + esz+eia + €43, €20 + €44 + €21 — €34)

= (Ozg + 05)(611 + €929 + €33 + 643) = a5 = —Qs3,

2 fa,y) = (@Pyzy — ayay) + as(a®y’s — zy’a?)
+ ag(yzya® — yziyx);
o f(I+eis —ea3, ] + ez —eq1) = (g — g — 2003) (€11 + €22 — €33 — €44)
+ ((1/2 + (1/6)(632 — 641) = Qg = —Q3 = —04g,
- fz,y) = a(@®yzy — wyz’y — #Py’c + ay’a® — yrya® + yatyx)
«
= alla,y%a) = () pale.y,7,9,2) = aps(w,y, ).

Thus, f is a consequence of py. We move on to the case (3,1, 1].
By Theorem 3.1, a generic polynomial f(z,y, z) of this type can be as-
sumed to be skew-symmetric in its linear variables y and z:

f(a,y, 2) =onz’ (yz — zy) + asa®(yz — 2y)x + az(yz — zy)a?
+ ay(yz — 29)2® + asz? (yrz — zay) + asr(yrz — zoy)e
+ ar(yrz — zoy)r? + agr(yr?z — z2%y) + ag(yaz?z — 20?y)x

+ ano(ya®s — zay).
We first perform the three substitutions
o f(e11 +e33,e22 + a4, €12 + €43) = —are12 + ueq3 = a1 = ay =0,

o fe1n +es3,1,e12+ es3) = (a5 + ag + ajo)erz — (a7 + g + a1p)eas

— Q10 = —Q&5 — O0g = —Q7 — Qg,

o f(e11 + ess,e12 + €43, €21 + €34) = (a2 + a3)(e11 — es3)

+ (a5 + ag)(e2 —eqq) = a5 = —ag, a3 = —as.

From these, we further obtain a9 = 0 and a7 = —ayg, and we reduce f to

f(@,y, 2) =aa(2*(yz — zy)x — x(yz — 2y)x”)
+ as(2?(yrz — zay) — z(y2z’z — z2%y))

+ agr(yzz — zay)r + ar((yrz — zay)x® — (yar’z — z2y)).
We eliminate one more coefficient using the substitution
f(I,e12 + eq3,e11 + e33) = agleaz — e12) = ag = 0.

17



Next, by setting x = 2z and using the fact that there are no identities of type
[4, 1], we obtain

f(z,y,2) = (a7 — a2)2’yz + (a5 + 200 — a7)z’yz® + (—ao — as)zyz®
— (g = 07 = —Qs,

= f(@,y,2) = o[y, 2]z — 2ly, 2Ja” — 27 (yaz — 22y)

+ z(yz?z — z2%y) + (yxz — zay)2? — (yo?z — z2y)x)

= (_%> 7’5(3/; Z,.’IZ‘,.’B,ZI?),

and f is therefore a consequence of r;.
The type [2,2,1] involves 30 monomials. Assuming a typical polynomial
f(x,y, z) to be symmetric in its two quadratic variables x and y, we write

f(z,y,2) = a1 (2?y® + y*a?)z + as(zyzy + yryw)z + as(zy’s + yz’y)z
+ ay(2®2y° + y?22?) + as(wyzyz + yrzay) + ag(zyzey + yrzy)
+arz(z?y’ +y°2®) + asz(zyzy + yryr) + agz(zy’s + ya’y)
+ ajo(zzry® + yzyx?) + an(zzyzy + yzoyz) + ae(zzy’e + yza’y)
+ aiz(zPyzy + yixzx) + aya(eyrzy + yryze) + ags(yrlzy + 2y’ 2x).
By subtracting a multiple of py(x, x,y,y, z) (respectively p4(x, z, z,y,y)), we

may assume that as = 0 (respectively a1; = 0). We now perform the follow-
ing substitutions:

flei1r + es3, €20 + €44, €12 + €43) = ay(er1a +e43) = a4 =0, (22)
flei2 + eas, €21 + €34, €12 + €43) = as(e12 + e43) = a5 =0, (23)
f(ea2 + €aa, €22 + €4a,€12 + €43) = 2a7€12 + (2011 + 2a03)eq3 (24)
— a7y =0, a3 =—as,
f(I,e11 + ess,e21 + e34) = (10 + au2)e2r + (@13 + g + a15)esq (25)
= o9 = —Q12, 13+ a4+ a5 =0,
fleia +eas, I, ea1 + €34) = (10 + @12 + 13 + 14 + 15 (26)

-+ 2()56)(612 + 643) — Qg = 0.
We simplify f using (22) — (26) and obtain
f@,y,2) = aa((®y® + y*a?)z — (zy’z + y2°y)2) + asz(zyzy + yayr)
+ agz(zy’e + yriy) + aro((zzay?® + yzyz?) — (zzy’x + yzaiy))
+ ais(2?yzy + yirzx) + ang(wyzzy + yryze) + as(yalzy + zy?zx).
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Once again using the fact that there are no identities of type [4, 1], we get
fz,z,2) = 2(ag + ag)zaz* + 2(a13 + a1y + ai5)x’z2 = ag = —ag. (27)
Next,
fleiz +eus,ea1 +e3q,I) = (ag + an)l = ag = —au, (28)

f(eaa + eqaters — €23, €11 + €33, €11 + €33 + €32 — €41)

—(o1 + ai5)(e11 + e22) + (2a10 — a13)e1a (29)
+ aqo(ess + eaq) + (—aq + 10 — @13 + a5)eas

— a10:a13:a15:a1:0.

Combining (29) and (25) yields aq2 = a4 = 0, (24) gives us a3 = 0, and
both (27) and (28) together imply as = ag = 0. Thus, f is a consequence of
P4

The last case, type [2, 1,1, 1] presents the most daunting computational
task because it involves 60 monomials. Assuming f(z1, 22, z3,y) to be skew-
symmetric in its variables x1, xo, z3 of degree 1 (by 3.1), we only have 10
coefficients:

f(x1, 22, 23,y) = 041?42 (Z (—1)0900(1)%(2)%0(3))

ceS3
+asy (Z (—1)0%(1)1/%(2)%(3)) + a3y (Z (=1)7 %(1)%(2)3/%(3))
oc€S3 0€ES3
+agy (Z (_1)0950(1)900(2)1170(3)) Y+ as (Z (_1)0 (1)y Toy(2)X 0(3))
c€S3 0€S3
+ ag (Z (—1)0%(1)%0(2)3/%(3)) + oy (Z (—1)0%(1)1/%(2)%(3)> Y
0c€S;3 0€ES3
T ag ( Z (_1)05“0(1)5”0(2)3/2550(3)) + Qg ( Z (—1)0%(1)%(2)3/%(3)) Y
c€S3 0€ES3
+ a1 ( > (—1)0500(1)%(2)3?0(3)) 2.
oES3

In f(e12 + e43, €21 + €34, €30 — €41, €11 + €33), the coefficients of ez and ey
provide the relations

o1 +ag+ag =0, (30)
as + a7 + a9 = 0. (31)
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We carry out the substitution f(€14 — €93, €19 “+ €43 + €20 + €44, €11 + €33,€14 —
€23 + e32 — e41) and take note of the respective coefficients of ess + e41 and
e4o to obtain

ag + a4 —og+ a7 =0, (32)
042—043-1-40[4—&7-1-049:0. (33)

The coefficient of ej3 in f(e14 — €23, €12 + €43, €11 + €33, I) yields

10
S =0, (34)
=1

We also need the relation given by the coefficient of ejo — eq3 in f(eq1 +
€33,€11 + €33 + €12 + €43, + €21 + €34, €14 — €23 + €32 — €41):

041+a2+a3+a4—|—a5—3a6+a7+a8+a9+a10:0 (35)

Subtracting (35) from (34) gives 4a6 = 0 hence ag = 0; put this in (32) to
get

as + a4 + a7 =0, (36)
and use (30), (31) and ag = 0 in (34) to obtain as + a4 + a9 = 0 which in
turn, combined with (33) yields

a3 — 3&4 + oy = 0; (37)
now (36) and (37) yield ay = 0, and hence az = —ay and as = —ag. We can
now rewrite (30), (31) as

a1 + o5+ ag + oyg = 0. (38)

We get rid of four coefficients in f and write

f(x1,22,23,y) = 041?/2 (Z (—1)0%(1)%(2)%(3)>

oE€S3
+ay |y (Z (—1)‘7%(1)%0(2)%(3)) - (Z (—1)0%(1)%(2)y%(3)> y
L oES3 oES3 i
+oas |y (Z (—1)0%(1)%(2)9%(3)) - <Z (—1)0370(1)9%(2)%(3)) Yy
L oc€S3 oc€S3 i
+ a5 ( Z (_1)U$a(1)y2$a(2)$a(3)> + asg ( Z (_1)U$a(1)$a(2)92$a(3)>
g€S3 oc€S3
+ 10 (Z (—1)0%(1)%0(2)1130(3)) yz_
ocE€Ss3
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The coefficients of e12 + e14 and eyq3 in f(e14 — €23+ €12 + €43, €30 — €41 +
eo21 + €34, €11 —+ €33, I + e14 — 623) pI‘OdUCG the relations

4oy — 200 + 6z — 65 4+ 2ag = 0, (39)
2&2 - 6&3 + 2&5 - 6&8 + 40[10 =0. (40)

Adding (39) and (40) gives the relation a3 — az — a5 — ag + ajp = 0, which
when subtracted from (38) results in

as + 2as + 2as = —a7 + 2a5 + 2ag = 0. (41)

Adding the second part of (41) to (31) gives 3as + 2as + a9 = 0, which
combines with (38) to yield

a1 — 2a5 — ag = 0. (42)

The coefficients of ea4 and e31 in f(eza—eq1+e14—€23, €14—€23+€30—€41+€11+
€33, €11 + €33 + €21 + €34, €21 + €34 + €22 + e44) yield a1 = —ayp and a5 = —ag
respectively. In light of this, (41) implies a3 = a7 = 0 and (42) implies a; =
—ag, thus a3 = a5 = —ag = —ayg. Using these relations, we can express
f so that in has only the coefficients a; and as. In our last substitution
f(esa—es1+e1a—eas, era—eazteri+ess, er1+eszt+eiateas, ea1+esatesn+eaq),
the coefficient of e;4 — ea3 + €30 — €41 gives ag = —2a. Thus,

f(z1,m2,23,y) = lzf (Z (—1)"%@)%(2)%@))

ogE€S3
- (Z (—1)0330(1)560(2)%(3)) y> + (Z (—1)0%(1)?12%(2)%(3))
0cES3 0ES3
- (Z (—1)0%(1)%(2)?42%(3)) -2y (Z (—1)0%(1)1/%(2)930(3))
oc€S3 0€ES3
+2 (Z (—1)6%(1)%(2)?;%(3)) y]
o€ESs3
o
= (Z) [7”5(3}1, z3,Y,Y, :172) - T'5<ZC1, r2,Y,Y, $3) + 705(%’27 T1,Y,T3, y)

- 7’5(962,903,y,$17y) +r5(x3,x2,y,x1,y) - 7‘5(90379017%902,9)]-

Thus, f is a consequence of r5. This completes the proof. O

For the x-identities of type 2,3, 3,2 and 4,1, we will simply state the
results and briefly outline the proofs.
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Theorem 3.5. Under the hypotheses of Theorem 3.1 on the field F, any
multilinear identity f(x1,z2,y1,Yy2,ys) of degree 5 with x; € H4(F,s), y; €
K4(F, s) is a consequence of

p2(x1, 22, Y1,Y2,Y3) = [[z1, y1] o [z2, y2|, v3].

PROOF. As we examine homogeneous identities, the cases [5] and [4, 1]
are irrelevant. On a case-by-case basis, the remaining possibilities lead to the
following results:

3:2]: = p2(z, 2,9,9,9),
[3,1,1] :  mno such identities ,
2,2,1] : pa(=, 2, 91,91, Y2),
— p2(z, 2, 91,92, 1),
[2,1,1,1] : (with skew-symmetric quadratic variable)
p2(x1, 22,91, Y2, Y1) — p2(@2, T1, Y1, Y2, Y1),
[2,1,1,1] : (with symmetric quadratic variable)
no such identities,
[1,1,1,1,1] Z (=1)7p2(T1, T2, Yo (1)) Yo (2)s Yo (3))-
oESs

Thus, identities of type 2,3 are consequences of p as desired. U

Theorem 3.6. Under the hypotheses of Theorem 3.1 on the field F, any
multilinear identity f(x1,z2,%3,y1,y2) of degree 5 with x; € Hy(F\,s), y; €
K4(F, s) is a consequence of

p2($1,x2,y1,y2,$3) = be yl] © ['TZ? y2]7 373],

7"1(-:1117':13'27x37y17yZ) = ':ESD[xl, y2], [z2, yi1]

+ Z (=D ([[ro)s Yo@)], Yo(1)]Das, 2,0,
gESsy

+ [l‘3a yo’(l)]D[ma(l)7 Yo (2)]; ma(2))’

7“2(961,062@37%792) = Z(—1)0<{1’a(1)7 [%(2)7 yl]a [%(3), yz]}
oES3

Hrony, [To@), Y2ls [To@), 1]} +2[T00), yi]o < To@), Y2, Tom) >
+2[IU(1)7 yQ]o < Ts(2), Y1, To(3) >)

PROOF. Once again, the cases [5] and [4, 1] are irrelevant. On a case-
by-case basis, the remaining possibilities lead to the following results:
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1
[3’2] P (5)102(37;557%%37);
1
3,1,1] : (5)7’1(511‘7%56,3/1,212)7

1
[2727 1] s (5)?2(331,%17%%332),

p2($1,$2,yyy7$1),

1
p2(22, 1,9,y,21) + (5) p2(z1, 21,9, Y, 22) — 11(71, T2, 71,9, Y),

2,1,1,1] : (with skew-symmetric quadratic variable)

1
_ (5) 7“2(5(31,[132,x37y7y)7

1

(5) [T1($1,$3,$2,y,y) - 7”‘1(1'1,1’2,373,2/,3/)

+ T1($3,$2,$17?Jyy)} — 2ro(x1, 22, 73,9, Y),
2,1,1,1] : (with symmetric quadratic variable)

1
—(5) [T1($1,9€1,9€2,y1,y2) +ri(22, 21,21, Y1,Y2) + T1($1,$2=9€1,y1,y2)},

- [7’1(%1,%279317?/1»?42) +7’1(5U27$1793173/1»y2)}»

1
(5) [7”1(561,$1,$2,y1,3/2) —r1(T1, T2, T1,Y1,Y2) — 7”1($2,CU1,1’1,ZJ1,3/2)]

+ p2(21, 22, Y1, Y2, 1) — P2(T2, T1, Y1, Y2, T1),

[17 11,1, 1] : Z (—1)Up2(2130(1),.’£0(2),y1, Y2, xa(S))'
gE€S3

Thus, identities of type 3,2 are consequences of ps, r1 and ro as desired. [

Theorem 3.7. Under the hypotheses of Theorem 3.1 on the field F', any
multilinear identity f(z1,x2,xs3,x4,y) of degree 5 with x; € Hy(F,s), y €
K4(F,s) is a consequence of

pa(T1, T2, T3, T4,y) = [[1, X2] 0 [T3, T4] + [71, 24] 0 [3, 2], Y],
p6(x17$27$371.47 ) [[xla xQ] [‘T47 y]7 $3]+ [[xlv 5173] © [Z‘4, y]? xQ]u
7“3(931@2,%3#134 y) =y, z3], [za, [z1, 2]l + [y, 2], [23, [21, 22]]]
+ Z (xa(l)’ xU(Q)UCUB T4 ]] + [xa(1)7 [y7 xa(Q)]U:c3,w4]
geSs
+[{$3,[y» :U4]7x0(1)}a mU(Q)] + [{1’4»[% xS]va(l)}7 xU(Z)])v
o1
r4(21, T2, T3, T4,Y) = Z (=1) (5[%(1), [[%(2), %(3)]7[%(4), yl]]
oES,
+{[$0'(1)7 xa(2)]7 Y, [xa(?))v 213'0(4)]})-
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PROOF. This time, [3,2] is the only irrelevant case. The remaining
possibilities yielded the following results:

[4,1] :  no such identities ,
1
[37171] : - (1) T3(.T1,.T2,.T1,.’131,y),
[25 25 1] : - [pG(mla'anmlaany) +p6<$2,$1,$2,$1,y):|,

1
— [pe(1, 2,21, 2,y) + p6(22, 22, 21, 21, Y) + (5) pa(@1, 22, 22,21, Y)],

1
2,1,1,1) :  r3(ma, 3, 21,21, y) + (5) r3(z2, z1, 23, 21,9)

2
1
- (5) r3(w3, 71,71, 72,Y) — 2p6(T3, T1, T2, T1,Y) — pe(T1, T2, 23,71, Y),
1 1
(5) r3(T2, T3, T1,71,Y) + (5) r3(w2, 1,73, 71,Y)

1
— (5) r3(xs, T1, 21, T2,Y) — 2p6 (T3, 21, T2, T1,Y) — Pe(T1, T2, T3, T1,Y),

T’3($2,$3,$1,3§'1,y) - 2p6<x3,$1,3§'2,3§'1,y) _p6(x1,$2,$3,371,y),

[171717171] : 7“4(171,!172,:173,(1?4,y)-

Therefore, all identities of type 4,1 are consequences of py, pg, 73 and r4 as
desired. 0

The present paper along with [3] gives a complete picture of the minimal
degree x-identities of M, (F,x*) for n < 5. In a subsequent paper, we shall
tackle the case n > 5.
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