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1. Introduction.

Let A be an associative algebra with involution * over a field F'. Amitsur
[2] defined a x-polynomial to be a polynomial where the variables can also
appear with a x; such polynomials can be evaluated on associative algebras
with involution in the obvious way. When A = M,,(F’), the n X n matrices
with entries in F', the ideal I(M, (F), *) of x-identities coincides with either
I(M,,(F),t) for t the transpose involution or I(M, (F), s) for s the symplectic
involution (n even) [16, Thm. 3.1.62]. In both cases, the question of what
is the minimal degree of a *-polynomial identity is still open. Giambruno [4,
Thm. 1] has shown that

Theorem 1.1. Over a field F of characteristic not 2, if f is a x-polynomial
identity for M,,(F') and n > 2, then the degree of f is greater than n. O

While in general this result is not sharp, as we will see, it is for n =
3 or 4 with * the transpose involution. The *-identities for My (F'), F of
characteristic 0, have been completely determined by Levchenko, Drensky
and Giambruno [3, 7, 8] for both types of involutions. Our purpose is to
determine the *-identities of minimal degree for (M, (F),t) when n < 5. We
have reason to believe that the situation for low n’s is atypical and that it
must be studied carefully before the general case can be dealt with.

There are two aspects to our results: producing the identities and show-
ing that there are no others. The existence results hold for arbitrary fields
and are proved using the fact that matrix algebras or some subspaces are
in some sense of degree 1 or 2. For the uniqueness results we must impose
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some mild characteristic restrictions and these proofs ultimately depend on
substitutions.
Our starting point is, as always, the standard polynomial

Sn(T1,To, ..., Ty) i= Z (—1)Zo()To(2) - - - To(n) (1.2)
ocES,

where the sum is taken over the symmetric group S,,. Amitsur and Levitzki
[1] have shown that M, (F) has no polynomial identity of degree less than
2n, that So, is an identity of M, (F) and that if |F| > 2 or n > 2, then any
identity of M,,(F') of degree 2n is a scalar multiple of Sa,,. Let H,,(F') denote
the symmetric matrices and K,,(F) = {a — a' | a € M, (F)}. If the charac-
teristic of F'is not 2 then K, (F) is the set of skew-symmetric matrices and
when the characteristic is 2, it coincides with the set of symmetric matrices
with 0’s along the diagonal. Since we are working over a fixed but arbitrary
field, we will often use M,,, H,, and K,,.

If the characteristic is not 2, the existence of a *-identity of a given
degree d in an algebra A is equivalent to the existence of a polynomial of the
same degree which yields 0 for every substitution where the last k variables
are replaced by elements of H(A,*) and the remaining d — k variables are
replaced by elements of K (A, x), for k some integer between 0 and d (see for
example [4]). Accordingly, we make the following

Definition 1.3. An (n,d, s)-identity is a multilinear *-polynomial identity
of M,

f(zl, ce ,Zd> = Z 04020(1) e Za(d)7

og€Sy

where z; =z; —zf for 1 <i<d—-s,and z; =2, + 2] ford—s+1 <7 <d.

Hence an (n,d, s)-identity is a multilinear identity of M,, of degree d
with s “symmetric” variables and d — s “skew-symmetric ” variables. Let

{a b ¢} := abc + cba, for a,b,ce A. (1.4)

This triple product induces a Jordan triple system structure on A, H(A, %),
and K (A, *) [11]. Next, let

la, b] := ab — ba, aob:=ab+ ba, aUy := bab. (1.5)

The Lie bracket induces a Lie algebra structure on A and K(A,*) and the
circle product induces a Jordan algebra structure on A and H (A, x).
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For a unital commutative ring R, the following identities are mentioned
by Rowen in [16, Remark 2.5.15]:

Then Rowen cautiously adds: “As far as I know, all minimal identities of
(M, (Z), *) (for n < 4) are implied by these identities.” As we will see below,
more polynomials are required to obtain all the identities of minimal degree,
at least in the case of the transpose involution.

X
2. *-Identities of Minimal Degree for M, (F), n < 5.

In this section we exhibit some identities for K, (F'), n < 5, and some
x-identities for M3(F’) involving one symmetric variable; in the next section
we show that these suffice to obtain all minimal degree *-identities under
some mild characteristic restrictions.

We recall that Kostant [5, 6] has shown that, for n even, Sg,_5 is an
identity of K, (F') but Sy,_3 isn’t. This was extended to all n’s by Rowen
[15, 17]. Note that while this result says that Ss,_2 is the minimal de-
gree standard identity satisfied by K, (F'), it does not say that K, (F) sat-
isfies no other identity of degree 2n — 2 or less. This also implies that
Son—o(x1—27,...,Tap—2—x5, o) is a *-polynomial identity of M, (F"). Since
the minimal degree of an identity of H,,(F') is 2n [10] and the minimal de-
gree of an identity of K,,(F) is less than or equal to 2n — 2 [5, 6, 15, 17],
the polynomial corresponding to *-identities of minimal degree must involve
some “skew-symmetric variables”. In view of some of Rowen’s results, we
expect most if not all of them to be skew.

We begin with n = 1 in which case it is trivial to see that (z; — z7) €
I(My). If n =2, Ko(F) has dimension 1 and so

So € I(K2) and hence [x1 — 27, xo — 23] € 1(Ma). (2.1)

We now turn to n = 3. Let



T($1,1’2,1’3,$4) = [83(%‘17%27%3)5 33’4]. (22)

Since Sz is multilinear alternating of degree 3 and K3(F') has dimension 3,
it is easy to check that Ss is a central polynomial on K3 (in fact it is an
identity on K3 in characteristic 2) and so r(z1,x2,x3,24) € I(K3). The
dimensionality argument also shows that Sy € I(K3), a fact already known
from the Kostant-Rowen results. Next, we point out that one could choose
to view K3(F') as a Jordan triple system which happens to be isomorphic
to 1 x 3 matrices over F' and is therefore of degree 1. But more directly, an
easy computation yields

ABA = —(a12612+a13513 + a23b23)A>

for A=(a), B= ()€ Ka(F). )

Irrespective of one’s point of view, (2.3) yields

[ABA, A]=0, for A, Be K;(F),

and [ryx, z| is an identity of K3. To describe our next identity, we use tr to
denote the trace and we linearize (2.3) to get

(ABC)= %tr(AB)C + %tr(CB)A, for A, B, C cKy(F), (2.4)

where the half is purely formal and makes sense even in characteristic 2
(tr(AB) is a linear combination of terms whose coefficients are even integers).
Now we consider

plar, x, w5, 24) i= Y {21 [w2, 4] 73}, (2.5)
(123)

where 2(123) denotes the sum over the cyclic permutations of 1, 2, 3. If we
assume that (2.4) holds formally, then p(x1, x2, 3, x4) is a linear combination
of x1, 9 and x3 in which the coefficient of 3 is

%(tr(ml[:cg, x4]) + tr(xs]zy, x4])) = %tl‘([(lfll‘g, x4]) = 0.

Since p(z1, T2, 3, x4) is symmetric in 1, x5 and x3, p(x1, T2, x3,24) € I(K3).
Our last key polynomial for K3 is



q(z1, 22, 3,24) 1= Z{:z:l [xo, z3] x4} + Z{a:l [zo, x4] z3}

(123) (124)
+ 2([x17 x3]Dw2,m4 + [.Tl, x4]D$2,l‘3

- [$27 :I:S]Dml,am - [9327 m4]])m1,333)7

(2.6)

where D is the derivation

zDy . ={zy 2z} — {z z y}.

The polynomial q is alternating in x1, x2 and symmetric in z3, x4. We
claim that ¢ is an identity on K3. Again assuming that (2.4) holds formally,
we note that

2[z1, ©3|Dyy oy = tr([z1, T3]T2)T4 + tr(T472)[T1, 73]
—tr([z1, x3]za)xe — tr(Tomy)|T1, 23]

= tr([x1, z3|re)xs — tr([z1, z3]Ts)Ts.

Therefore q(x1, 22, x3,24) is a linear combination of x;, 1 < i < 4, and by
symmetry we need only consider the coefficients of x5 and x4. The coefficient
of x5 is

%(tr(m[:)jg, x1]) + tr(xslzy, x1])) — tr([z1, zs)zg) — tr([z1, z4]z3)
= —tr([x3x4, l’l]) - tI‘([a’!l, $31'4]) =0.
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The coefficient of x4 is

%(tr(xl[mg, x3]) + tr(xslzs, x1]) + tr(xslzy, x2]) + tr([z1, z2]zs))
+ tr([z1, zs)xe) — tr([xe, z3]z1);

collecting terms, this equals

%(tr(wl[xg, x3]) + tr(xslzy, x3])) + tr([x1, z2]zs) — tr([xe, z3]z1)

= %tr([mlxg, x3]) + tr([z123, x2]) = 0.



Hence q(z1, 2,23, 24) € I(K3) and we have proved

Proposition 2.7. The polynomials

p(x1,$2,$37x4) - Z{xl ['TQ) .’134] .'L’3},

(123)
q(x1, 29, 3,04) = > _{w1 [12, ws] 2a} + Y {m1 [w2, 24] 23}
(123) (124)

+ 2([5517 $3]Dw2,$4 + [:)3'1, x4]Dw2,m3
- [51:27 x3]Dx1,m4 - [x27 x4]Dx1,x3)a

r(z1,z2,3,24) = [S3(x1, T2, T3), T4]

are identities of K3(F,t). ad

There are a few more symmetry considerations worth noting about p, ¢
and r. For example, the polynomial r is alternating in the first 3 variables.
Hence, up to a sign, the only homogeneous polynomial obtainable from r by
allowing some of the variables to be equal is

r($1,$2,y,y) = _y2[$17 1.2] +y <ZT1 Yy x>

, (2.8)
— <z Yy X2 > Y+ |21, T2Y7,

in which we use the notation

<abc>:=abc— cbha, for a,b,c€ A. (2.9)

We also have

7"(371, Z2,T3, 5134)—7“(:1:1, Z2,T4, 113'3) - 7’(33'1,33'4, xs, 113'2) - 7’(.%’4, €2,I3, xl)

= 284(%1, To,X3, 1‘4).
(2.10)
We already noted that the polynomial g is alternating in z; and z9 and
symmetric in x3 and x4. One can also check that ¢(z1,y,y,y) = 0 while

q(z1,22,y,y) = 2y°[x1, 2] + 6y < 21 y 22 > —dy[z1, T2y

+6<x1y 2 >Y+ 22y, mg]y2—8<x1 y? x> .
(2.11)



Finally, by setting some of the variables equal in p(z1, 2, x3,z4), we obtain

p(y,y,7,y) ={y [z, yl y} = {y = v}, y] = 2[yzy, yl, (2.12)

and

p(yay7x17x2)_p(yay7x27xl) = _Zyz[xla IL’Q] + 2y <ZT1 Y x2 >

(2.13)

+4ylxy, o)y +2 < a1y a0 >y — 2[T1, T2]Y%
Remarks 2.14. 1. The polynomials p, ¢ and r generate an F'[S]-module
under the action which permutes the variables. One can check that if the
characteristic of F' is not 2 or 3 then the character of this representation is
[3,1] + 2[2,1,1] 4+ [1,1,1,1] in the usual notation for Young diagrams.

2. In a certain sense, [xyz, x] € I(K3) was already known. In [14, Thm. 2
] it is shown that (ad,)® acts as a derivation on the Lie algebra sly which
is isomorphic to K3. Expressing this as a polynomial identity of the adjoint
representation yields [ad,adyad,, ady].

Consider now the polynomial

g(x1, w2, 23,74) = Y (1) ({Ze1) To(2) (T3074)} —{T0(1) ( To(2)024) T3})
g€Ss
(2.15)
in which z1, x4, x3 are skew-symmetric and x4 is symmetric. Using K, 0H,, C
K,, and equation (2.4), one can verify that

t?‘(fl,’g(l‘g @) ZL‘4)))SI71
+ )) — tr((z3 o x4)w1)) 22
+ (tr(zo (xl oxy)) —tr(xi(ze 0mxy)))xs
+ ( )

tr(zixq) — tr(xozy))(x3 0 24))

) =
) -
) =

As was already mentioned, Ss(z1,x2,x3) (for z; € K3) is central in M3
and therefore we have



Proposition 2.16. The polynomials

g(x1, 2,3, 24) = Z (—1)7({zoq) Tor2) (w3024)}
gESs

- {xa(l) ( Ts(2) © .%’4) 373})7

r(z1,x2, T3, 24) = [S3(x1, 22, 23), 24
are (3,4, 1)-identities. O

Remark 2.17. Rowen [15] has shown that for n odd, Sg,_5 is an (n,2n —
2, 1)-identity. An elementary proof for n = 3 is given by the relation

Sa(z1,x2, T3, 24) = 21 (21, 22, T3, 1) — h(z1, T2, 3, T4),
where

h(x1, 22,73, 24) = Z (24 023) Dy a, -
(123)

To see that h is an identity, it suffices, by symmetry considerations, to show
that the coefficients of @3 o 24 and x5 vanish; the former is i (tr(ziz2) —
tr(zaz1)) = 0 and the latter is 4 (tr((z2 0 z4)21) — tr((z1 0 4)x2)) = 0.

We now handle n = 4. We will later see that in this case, there are no
mixed identities and so we only need to examine K. In order to present K,’s
identities in their proper context, we first recall a general construction of a
“degree 2” Jordan triple system (see [11]). Let L be an extension of F' with
involution ~, that is an F-linear automorphism of period 2, V an L-module,
Q@ :V — L a quadratic form and s : V — V an L-linear map satisfying

s2=1d, s(cv) =es(v) and Q(sv) = Q(v), forallce L, veV. (2.18)
Then

{uvw} :=Qu, sv)w+ Q(w, sv)u— Q(u, w)sv, (2.19)

(where Q(u, v) is the bilinearization of ) defines a Jordan triple product
on V. Such Jordan triple systems are referred to as quadratic form triples
[11, Example 1.6]. By (2.18),

Q(su, v) = Q(ssu, sv) = Q(u, sv). (2.20)
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In particular let L = F' (so ~ is the identity map) and V' = K4(F'). The
Pfaffian [11] is a nondegenerate quadratic form on Ky; it is a square root
of the determinant and so is determined up to sign. We make the following

choice:
0 a2
—a12 0
Pt A = ai2a34 — a13a24 + aq4a03, for A =
—a13 —a23
—a14 —0a24

For A as above, define the following involutory map on Ky,

0 —a34 Q24  —a23
| ass 0 —ai4 Q13
sA =
—Q24 Q14 0 —a12
a3  —aiz a2 0

One checks that

ABA = Pf(A, sB)A — Pf(A) sB,

ais
a3

0
—a34

aiq
a24

a34
0

where Pf(A, B) is the bilinearization of the Pfaffian. Therefore K, with the
usual triple product is a quadratic form triple. The Jordan nature of Ky

prompts us to revisit the polynomial

K($1,$2,$3,y) = y283(vxlavxzavx3) - (yS3(VI17V$27V13)) Y

(2.21)

(where yV, := y o x), which has been shown (by the second author in [13])
to be an identity for all Jordan algebras of degree 2. The expression in (2.21)

can be rewritten in associative terms

li(5617902,903ay) = 54(901,902,903792) —Yyo S4($1,$2,903,y)~

or in terms of linear triple products

k(x1, T2, 23,Y) == Z )7 ({{y v ma(l)} Lo (2) %(3)}
oE€Ss

— Y 2o01) To2)} To(3) ¥}

- {xd(l) {y Ls(2) 5170-(3)} y})7

9

(2.22)

(2.23)



and we denote its linearization by

5(5171751727$3;$§y) ::(x © y)s3(vw1vvmzvvm3) - (:L‘S?,(VINV:EZ,V:ES)) cy

(yS3 (Vxl 9 sz 9 ng)) ox.
(2.24)

The key reason why « is an identity for degree 2 Jordan algebras is that
an alternating sum vanishes whenever two of the alternating variables are
also symmetric. On the other hand, if s is evaluated on a quadratic form
triple system, then the result is a linear combination of y, sy, T, (;) and sz4(;),
1 <4 < 3. Starting with (2.23) and using (2.18) and (2.19), the coefficients
of y in the first, second and third terms of k are respectively given by

D (1)7Q(x51), sY)Q(To(3), $To(2)), (2.25)

gEeSs3

= (D)7 (QEo(2)s $To3)QW: 5Ta1)) +2QY, 5T43)Q(To2): 5Ta(1))
gES3

_Q(Sxa(l)a SmU(S))Q(y7 130(2))),
(2.26)

and

=) ()(Qo)s YQEo@)s 5To2) + QTa(1): 5T6(3)QWY: 5T4(2))
o€S3
_Q('ra(l)? 'CEU(Q))Q(:% xa(?))))'
(2.27)
The third summands of (2.26) and (2.27) are alternating sums of symmetric
functions and therefore 0. By (2.20),

Q(To(1), sYQ(To(3), 5To(2)) = Q(STo(3), To(2))Q(5To(1)s ¥),
and so the remaining two terms of (2.27) differ only by a transposition and
their alternating sum cancels. Similarly the first term of (2.26) cancels with
half the second term and the coefficient of y reduces to

Z (=1)7(Q(xs(1), sY)Q(To3); 5To2)) — QY 5T43))Q(To(2), 5To(1)))

0ES3

= (“1)7Q@0(2), 7o) (Q(sY, To(3) — QsY, To(3)))
gE€S3

(2.28)
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Similarly the coefficient of sy is given by

Z (—1)7Q(y, 2o1))(Q(5T0(3), To2)) — R(5Z5(3): To(2)))- (2.29)

oE€S3

As the following example will show, the expressions (2.28) and (2.29) are in
general not identically 0.

Example 2.30. Let L = F[f], a quadratic extension of a field F' of charac-
teristic not 2 with canonical involution § = —@, V the direct sum of three hy-
perbolic planes spanned by hyperbolic pairs u;, v;, 1 <t <3ands:V —V
the L-semilinear map given by su; = ui, sv;1 = vy, Sus = uz, Svs = vs3,
sug = ug and svg = vy. For x1 = uy, xo = vy, x3 = ug and y = 6vs, by
(2.28), the coefficient of vo in Kk(x1,z2,x3,y) is

(Q(u1, 0v1)(Q(us, —0Ovs) — Q(uz, —bv3))

— Q(—0v1, u1)(Q(u3, —0Ovs) — Q(uz, —0bv3)))0
= —463.

Therefore k is not an identity for arbitrary Jordan triple systems of a quad-
ratic form. However we will prove

Theorem 2.31. If (V,Q,”) is a Jordan triple system of a quadratic form @
and ~ is the identity map, then k(z1,x2,x3,y) is a polynomial identity of V.
Proof. If = is the identity map then (2.20) becomes

Q(su, v) = Q(u, sv)

and Q(su, v) is symmetric in u and v. Therefore the alternating sums in
(2.28) and (2.29) vanish. Since « is alternating in x1, x2, x3, it is enough to
show that the coefficients of x3 and sx3 both vanish. Arguing as above, the
coefficient of x3 in k(x1, T2, x3,y) is

3) (—1)7Q@0(1): $To(2))QY, sy),

ogESs

which is 0, while the coefficient of sx3 is
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Z (1) (Q(z5(2), M(Q(xoq1), 5Y) — Q(Ts(1), 5Y))
gESs
+ Q(525(1), To2)QWY, ¥)),
which is also 0. O

Corollary 2.32. k(z1,x2,3,y) is a polynomial identity of K(Ft). O

Remark 2.33. The polynomials

Kij = K(T1,. ., Tiy ooy Ty, Tas 25 x5), 1<i<j<5h (2.34)

generate I(K,) as F[Ss]-module and the dimension is 10. One can check that
if the characteristic of F' is not 2 or 3, the character of this representation is
[3,1,1] + [2,1,1,1] in the usual notation for Young diagrams.

2 3. Uniqueness.

We now proceed to show that under some restrictions on the base field,
any x-polynomial identity of M,, of minimal degree for n < 5 can be obtained
from the identities presented in the previous section. We recall that whenever
the degree of each variable x; in an identity p(z1,..., %, ) is less than |F|,
then each homogeneous component of p is also an identity. Accordingly,
we will carry out a case by case study of homogeneous *-PI’s. In order to
simplify our calculations, we first introduce a useful result of Ma.

In [9], Ma defines a partial ordering on the homogeneous elements of
the free associative algebra F[X]. A polynomial p(zi,...,x,,) is said to
be of type [n1,...,ny] if the n;’s are the degrees of the x;’s rearranged in
nonincreasing order. (If an integer is repeated k times, we denote this with
an exponent; for example, [3,22,13] means [3,2,2,1,1,1].) Given homoge-
neous polynomials p and p’ of degree n and n’ and of type [ni,...,n,,] and
[n},...,nl,] respectively, we say that p is lower than p’ in the partial ordering
if and only if either (i) n </, or (ii) n = n' and n; > n} for the first j such
that n; # n; Otherwise two polynomials are not comparable.

Now let f(@1,. - TryY1s-veyYss---y21,---,2¢t) be a homogeneous poly-
nomial identity of type [m”,n®, ..., u’] on some subspace V of M, (F) (e.g.
V = H, or K,) and set mg = max{m,n,...,u,r,s,...,t}. The following

theorem provides a relation of symmetry between variables of equal degree
in f, depending on how many there are.
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Theorem 3.1. If the characteristic of F does not divide mg! and |F| >
2mg — 1, then f = fo+ f1 where f;, 1 =0, 1, are identities of the same type
as f and for each k with 0 < k < myg, fo is symmetric or skew-symmetric
in all variables of degree k depending on whether k is even or odd while f;
comes from identities of lower type. O

We can outline Ma’s proof as follows. One first establishes the above
result for a pair of variables x, y of some given degree m in f; then, by acting
on all r variables of that same degree m with the symmetric group S,, one
obtains the desired symmetry property among those particular r variables.
Repeating the procedure for each degree separately yields the general result.

It becomes apparent that we can extend this result to (n, d, s)-identities
by fixing the degree, keeping the s symmetric and d — s skew-symmetric
variables apart and acting on them via S5 X §5_5. Thus, when consider-
ing a typical homogeneous (n,d, s)-identity, we may assume the symmetry
properties of Theorem 3.1, and with this, reduce the number of arbitrary
coefficients involved in our calculations.

The case n = 1 being trivial (K,, = {0} so z — z* is a *-identity), we
begin with n = 2. If at least one of the variables (say z2) is symmetric in
f(%l, $2) = axri1r2 + 6.%’2.’12’1, then f<612 + €21, 622) = (¥€12 + 5621 =0 implies
a = (8 = 0; hence, the x-identities of M5 of minimal degree do not involve
any symmetric variables. Now f(e12 — e21,€12 — e21) = 0 implies a = —f
and this with (2.1) proves

Theorem 3.2. If |F| > 2, then any polynomial identity of Ko(F,t) of min-
imal degree is a scalar multiple of So(x1,x2) and any x-polynomial identity
of (My(F),t) of minimal degree is a consequence of Sy(x1 — 7, x2 — x3). O

Remark 3.3. Although not of minimal degree, it is not hard to check that
the polynomials [z1, xa]zs, x3]x1, X2], x1T223— 237221 and x1x370 —ToT321
form a basis for the space of (2, 3, 1)-identities.

For n = 3 and 4, the minimal degree of a *-identity is n + 1. In these
cases, the next lemma provides an upper bound on the possible number of
symmetric variables involved.

Lemma 3.4. Forn > 2 and x =t, an (n,n+ 1, s)-identity must have s < 1.

Proof. Suppose f(z1,...,2n41) = Zaesnﬂ QoZg(1) -+ Za(nt1) 7 0 is an
(n,n + 1, s)-identity. We first show that s < 2, and if s = 2, then the two
symmetric variables are adjacent in each and every monomial of f. For,

13



suppose some monomial of f has two non-adjacent symmetric variables (e.g.
when s > 3); renaming the variables and scaling if necessary, we may assume
this monomial to be z122...2,41 (wWith oy = 1) where say z; and z; are
symmetric, 7 > ¢+ 1. Set

Ap = eppy1 T eppin, 1<k<i—1, A = e,
Ay =epptepp—1, 1+1<k<j—1, Aj=ej_1j_1,
Ay =ep_op—1ETer_1p-2, j+1<k<n+1,

where we take + or — in Ay according as z = x; + 2] or z = x; — x;. Then

f(Ah o 7An+1) =ein + Z AmrEmer 7& 0,
"in
a contradiction.

Next we point out that if s = 2 then f cannot be alternating in its sym-
metric variables z,,, 2,411, for otherwise setting y; = 2;, 1 <i<n—1, y, =
[2n, #Zn+1] we obtain f(y1,...,yn) € I(K,) (using K,, = Span([H,, Hy,]))
which contradicts Giambruno’s Theorem (1.1). Hence, p(z1,...,2n-1,Y) :=
f(z1,. ., 2n-1,9,y) # 0 is a *-polynomial identity of M,, whose monomials
are of the form

Ro(1l) -+ - Za(i—l)y2za(i) s Ro(n—1)

where y is symmetric and z; are skew-symmetric. Assuming that o; = 1
and that y occurs in the i*" position, set Aj =ejjt1 —ejr1j, B = e;; then
p(A1,...,An_1,B) = e1, + ... # 0 yielding again a contradiction. Thus
s < 1. O

Consider now the case n = 3. By (1.1), there are no (3, d, s)-identities
for d < 4, and by lemma 3.4, (3,4, s)-identities must have s < 1. Suppose
first that s = 0, that is, we look at the identities of K5. According to (3.1),
we need only consider homogeneous polynomials of degree [4], [3,1], [2,2],
[2,1,1] and [1,1,1,1] with the third polynomial symmetric in its 2 variables,
the fourth alternating in its linear variables, and the last alternating in all
its variables. The [1,1,1,1] polynomials are multiples of S4, and so by (2.10)
they are a consequence of r. Since z* ¢ I(K3) we are left with the middle
three types.

An arbitrary polynomial of type [3,1] has the form
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f(z,y) = a12y® + coyry® + azy’ry + auy’e.

Assume that f € I(K3). Letting o = ejo — e9; and y = ea3 — e3o yields
a1 = 0 = ay. Letting y = x, using the fact that 2* ¢ I(K3) yields a3 = —as.
Therefore

f(z,y) = alyzy, y]

which, by (2.12), is a consequence of p.
Next, a polynomial of type [2,2] symmetric in its 2 variables has the
form

f(@,y) = a1 (%Y + y*2?) + aa(zyzy + yayz) + az(zy’s + ya’y).

Assume that f € I(K3) and substitute z = e15 —ea1, y = €23 —e3z2. This
yields a3 = 0 = a;. As in the previous case, letting y = x yields ay = 0.
Thus K3 has no identity of type [2,2] which is symmetric in its variables.

An arbitrary polynomial of type [2,1,1] which is alternating in its degree
1 variables can be written (recall the notation (2.24))

f(x1,22,y) = 0é1y2[551, To] + ay < 1 Y T2 > +azy[r, T2y
+ag <z Y T2 > Y+ as|r, 372]3/2+046<901 y? 29 > .

Assume that f € I(K3). We wish to simplify f by adding known identities
to it. By (2.11), subtracting a multiple of ¢(z1, x2,y, y), we may assume that
as = 0. Since identities of K3 of type [3,1] have no terms of the form x>
or y3x1, letting x5 = y yields

a1 +ag =0, ay + a5 =0,

and

f(z1,9,9) = (a2 + a3z — as)[yr1y, yl.

By (2.12), subtracting a multiple of p(y,y,z1,y) from f(x1,y,y), we may
assume that

a2+a3—a520

and

15



f(z1,22,y) = 041(92[1‘1, ol —y < w1y x2 >)+ (1 — ag)ylz1, o]y
+as(<x y x2 >y — |21, 3:2]342).

By (2.8), adding a4r(z1,z2,y,y), we may assume that

f(x1,22,y) = a(y2[931, To] —y < x1 y T2 > +YlT1, T2)Y).
Finally, substituting x1 = e12 — €21, 2 = €23 —e32 and y = e13 — €31

yields o = 0. Hence f is a consequence of p, ¢ and 7.

We now turn to the case s = 1 and examine (3,4,1)-identities. Once
again, we use (3.1) and concentrate our efforts on homogeneous polynomials
of degree 4 of various types. Here the types [4] and [2,2] aren’t relevant. A
typical polynomial of type [3,1] has the form

flz,y) = a12%y + asryx + aszyr? + oauyr®

and we let x € K3, y € Hs. Setting x = e15 — €21, y = €99 yields o + ag =
0 = as + a4, while the substitution x = e12 — €21, y = ea3 — ez implies
a1 = ag = 0. Therefore, f = 0.

Next we let

fly,z1,22) = a1y2x1x2 + 042929621‘1 + a3yr1yx2 + Quyr2yx1 + asyr1T2yY
+ QeYT2T1Y + QrT1YT2Y + A8T2YT1Y + 9T1T2Y” + 107271y

2 2
+ @111y T2 + Q12T2Y X1

be an arbitrary (3,4,1)-identity of type [2,1,1], y,z1 € K3, x5 € H3. We use
the following four substitutions:

Ty = €12 —€21,Ta = €11,y = €23 — €33 = a1 = g = 0,

T1 = eg3 — €32,T2 = €11,y = €12 — €21 = ay = a7 =0,

T1 = €12 — €21,Ty = €22,y = €23 — €32 = a2 = —a12 and ag = —aqy,
XT1 = €23 — €32,T2 = €23 + €32,y = €12 — €21 = Q5 = Qg, A2 = Qg

and 11 = (12.
Putting all these together, we conclude that f has the form
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fy, 1, 72) =a(y*mam1 + 2122y* — 1Y% T2 — T2y?71) + ByT1YT2
+ v(yx122y + yzox1y) + 0X2yT1Y.

Since there are no identities of type [3,1], the equation f(y,y,z2) = 0 gives
a = 3 = —y = §; we then observe that f(y,z1,x2) is a scalar multiple of

g(ya x1,Y, 'TQ)‘
Finally, by (3.1) we may assume that a (3,4,1)-identity of type [1,1,1,1]
has the form

J(x1, 20,23, 24) = Z (=17 (a5 (1)T0(2)To(3)Y + BTo(1)To(2)YTo(3)
o€E€Ss3

VLo (1) YT (2)To(3) T 0YTo(1)To(2)To(3))

with x; € K3, y € H3. Letting y = €11 + €22 + €33, we get a+ 3 +v+9 =0,
and the substitution T1 = €12 — €21, o = €23 — €32, X3 — €13 — €31, Y = €11
provides the relations § = —« and v = —3 (char F # 2). Thus,

f($1,$2,$3,$4) = 047’(.'131,.'132,333,334) +6[T(.CE1,.ZE2,$3,.T4) - 84(5617'7:273:373:4)]'

Now if we let

h(z1, 22,23, 24) = Z 9(To(1), To(2), To(3) To(a))
(123)

it suffices to notice that h — r = r — S4 to conclude that f is a consequence
of g and r. We have established

Theorem 3.5. Under the hypotheses of (3.1) on the field F', any polynomial
identity of K3(F,t) of minimal degree is a consequence of

p(.T1,.’IZ‘2,.’IZ’3,.’E4) = Z{xl [$27 .’134] $3}7

(123)
q(z1, 22,23, 24) = Z {z1 [x2, 23] T4} + Z{:m [x2, x4] z3}
(123) (124)

+ 2([‘7;17 x3]Dm2,m4 _|_ [xlv x4]D$2,$3
- [:1:27 x3]Dx1,m4 - [x27 $4]Dm1,x3)7

T($1,$2,$3,$4) = [S3<xlax2ax3)7 5134],
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and any *-polynomial identity of (Ms3(F),t) of minimal degree is a conse-
quence of

* * ES3 * * %k * *
p(ﬂfl —X1,T2 — Lo, T3 — T3, T4 — 954% Q(flfl —X1,T2 — o, X3 — T3, T4 — 374),

* * * * * * * *
r(xy —x],x9 — x5, x5 — x5, x4 £ x3), g(x1 — 27,02 — T35, T3 — x5, 24 + X),

where g(z1,%3,73,74) = > (=1)7({Zo(1) To(2) (w3 074)}. O

gESs

We move on to n = 4. The following lemma shows that the only (4,5,s)-
identities are the identities of Kjy.

Lemma 3.6. Over a field of characteristic not 2, (M,,(F'),t) has no (n,n +
1,1)-identities when n > 3.

Proof. Write f(x1,...,2p4+1) = B1 + Ba+ ...+ B, + By 41, where

B, = Z OéfTZCU(l) « o To(i—1)Tn+1Lo (i) - - - Lo(n)s O‘zir S
oeS,

First observe that if we can show by way of substitutions that B; is the
zero polynomial for 1 < i < [(n 4 1)/2] (where [(n 4+ 1)/2] is the largest
integer in (n + 1)/2), then taking the transpose of these substitutions yields
By, 12_; is identically zero; therefore it suffices to establish that B; = 0 for

i=1,...,[(n+1)/2], and for i = (n +2)/2, when n is even.

We first handle the case n > 6. Fix i € {1,2,...,[(n + 1)/2]}. Sub-
stituting (e12 — e21), (€23 — e€32), ..., (€i—1i — €ii—1), €ii, (Csiy1 — €iy1i),
ooy (En—3n—2—€n_2n_3), for To(1), To2)s -+ To(i=1)s Tnt1s Ta(i)s - - - » La(n—3)

while successively choosing

1) (en—2n—1 - en—ln—2)a (en—ln - enn—l)7 (enn—l - en—ln)
2) (eannfl - en71n72)7 (€n71n72 - 6n72n71)7 (6n72n - enn72)

3) (en—Qn—l - en—ln—Z); (en—ln - enn—l)a (6nn—2 - en—Qn)
for Lo(n—2)) Lo(n—1)> To(n)s ylelds

Ay = aO'Tl - aO'TQ - aJTg’

where 7 = (n—1n), m =n—-2n—-1)and 3 = (n—2 n), 0 € S,.

Since 71 = ToT3T2, we have ol = 0. If n is odd, we now have f = 0; if

18



n is even, we are left with f = By, k = n + 2/2. But the substitution

(612 - 621), ) <€k:—1k: - ekk—l); Ckk, (ekk—Q - 6k:—2k:)7 (ek—2kz+1 - €k+1k—2),

(Ek41k+2 —€kt2k+1)s - - - (En—1n —€nn—1), for Lo(1)y -+ Lo(k—1)s Tnt+1l, Lo(k)>
k_ k=1 _ _

To(kt1)s To(k+2), -+ To(n) forces ay = ag,+ = 0, where 7 = (k — 2 k), so

again f = 0.

The cases n = 4 or 5 are handled in the same way except for : = 2 when
n =4 and i = 3 when n = 5. For those, substitutions 2) and 3) should be
replaced by

2")  (e12 —e21), (€23 + €32), (€34 — €43), (€43 — €34), (€32 — €23)

2”) (612 - 621), (623 - 632), (634 + 643), (645 - 654); (654 - 645)7 (643 - 634)
which imply

% 7 n—+1 n+1l __
O =+ aUTl - 0407_2 - aUT3 - 07

where m =(n—2n—1), m=(n—-2nn-—1) and 73 = (n — 2 n), and

3")  (e12 — e21), €22, (€24 — €42), (€43 — €34), (€32 — €23)

3")  (e12 — e21), (€23 — €32), €33, (€35 — €53), (€54 — €45), (€43 — €34)
which in turn imply

7 7 n+1 n+1 __
aa_aor+ao — Q4r _07

where 7 = (n —2n —1).

The substitution (e12—e21), (€23+€32), (e34—e43), (€43—€34), (€30 —€23),
for x,(1y, 5, To(2), To(3)> To(4) iIMplies ag+a§ﬁ —a§,2 —agTS =0, where 1y =
(23), 72 = (243) and 73 = (24); thus a2 = —aZ,, . Finally, the substitution
(612 - 621), (623 - 632), (634 - 643), (645 - 654), (654 - 645)7 (643 - e34) for
Ta(1)s To(2)s T65 To(3)s Lo(4), To(s) yields al —|—Oz§ﬁ — agTQ — agTs = 0, where
71 = (34), 72 = (354) and 73 = (35); s0 a2 = —a> O

oT1 "

We now show

Theorem 3.7. Under the hypotheses of (3.1) on the field F', any polynomial
identity of K,(F,t) of minimal degree is a consequence of

H(xla Z2,T3, y) = y283(vm1vvm27vms) - (yS3(Vm17V$27vm3)) °Y,
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and any *-polynomial identity of (My(F),t) of minimal degree is a conse-
quence of k(x1 — x5, x2 — x5, k3 — x5,y — y*).

Proof. It is obvious that f(x) = 2° isn’t an identity, and by Kostant-Rowen,
K, doe not satisfy the standard polynomial S5. This takes care of types [5]
and [1,1,1,1,1]. Consider now an arbitrary polynomial of type [4,1]

f(z,y) = arzty + aoxdyr + azz?yz?® + agazyr® + asyzt.

The coefficients of ey3, e31 and eqo in f(e12 — €21, €12 — €21 + €13 — e31 +
e14 —eq1) yield a3 = a5 = 0 and as + as + a4 = 0; then the coefficients
of e12, e14 and eg; in f(e12 — e21 + €23 — €32 + €24 — €42, €14 — €41) lead to
g = (g = Ol4g = 0.

Next, an arbitrary (4,5,0)-identity of type [3,2] would have the form

flx,y) =2z + asyryr® + asyriyz + ouyrdy + asxyia?

+ agryzys + arryr’y + asr’y’r + agz’yry + apr’y’.

We successively compute

f(erza—ea1 + e13 — €31, €214 — €42) = (a5 + 2a10)e12 + ase13

+ (—2a1 — ag)ea; — agesy

which produces a1 = a5 = ag = a9 = 0, then

fleis—es1 + eaq — eq2,€12 — €21) = (1 + ag + ag)(e13 + e24)

+ (—as — a7 — a10) (€31 + €a2)

which yields a3 = a7 = 0, and finally

f(e1s —e31 + €23 —e3z,e13 — €31 + €14 — eq1) = (day + 20 + 23 + 204
+ 205 + ag + ar + 2as + ag + 2a19)ers + (204 + a7 + ag + 2a1p)ers
+ (2a5 + a6 + a7 + 2a8 + ag + 2a9)eas + (a7 + ag + 2a10) €24
— (201 + ag + ag + 2a4 + 205 + g + 2a7 + 2a8 + 2a9 + davig)esy
— (200 + ag + a3 + 2a5 + ag + 2ag)ezs — (2a1 + ag + a3 + 2a4)eq;
—(

2001 + o + 043)642
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in which the coefficients of e4s, €24, €23 and e4q imply that as = ag = ag =
ay = 0. This shows that K, has no identity of type [3,2].

Next, we treat the case [3,1,1]. By (3.1), it suffices to look at polynomials
of the form

f(@,y1,02) = cn (@ y1ya — 2°yayn) + aa(2?yrays — 2?yay:)
+ a3 (2 Y122 — 22you1@) + cu(@y12°y2 — TY227Y1 )
+ as(zy12y2r — Tyoxy1 1) + ag(xy1y2r?® — TY2y12?)
+ oz (112°y2 — y22°y1) + as(Y12°y2w — yoa®y12)
(

+ ag(y12y22® — yoxy12?) + a10(Y1y22° — Yoy 2°).

Once again, we use three substitutions:

fle1z — ea1, €23 — €32, €34 — €43) = —Qv1€14 — Q10€41

from which we deduce that a; = @19 = 0,

flerz—ea1 + €13 — e31,e12 — €21, €23 — €32) = 2(a1 + a3
+ ag + agp)er; — (ag — ag + g — ag + dar + ag + ag)ess
+ (200 + ag + ag + ag + ag + 207 — ag — ag)eas
+ (—ag + ag — ag + ag + 2a7 + ag + ag + 2aq0)ess
+ (201 + 2 + a3z + ayg + o + ag + ag + 2a10)es3

which implies that a7 =0, ag = —ag and as = —ay, and also

fe12 — €21 + €34 — €43, €23 — €32 + €24 — €42 + €34 — €43,€13 — €31) =
(1 + ag + ag + ag + ag + agg)(err + e22) — (e — as + a7 + ag)(e12
+ €21 +e3q +e43) — (a2 + a3 + ar + ag + ag + aio)ers
— (a1 + a4 + a5 + ag)eas — (a1 + g + g + ap + a7 + ag)es;

— 2(042 + oy + Oég)€33 — (043 + a5 + ag + CY10)642 — 2au5€44

which implies that ay = —ag, as = —ag, a5 = 0 and ay = —ag. These
relations then force f to be a scalar multiple of the polynomial
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flz,y,2) = x? yz — 2y)x — x(yz — 2y)2® — 2?yzz + 2’zey + xyxiz
Yy
— zzx’y — yxizx + zalyx + yrza? — zoya®

= ({zyz} — {2y} Uy + 2U, U,y — {yz2Us } — yU Uy .
+ {zzyU, }.

Now it suffices to notice from (2.23) that f(z,y, z) = k(z,y,z,z), that
is, f is a consequence of our polynomial k.

We continue with an arbitrary polynomial of type [2,2,1]; using (3.1), it
has the form

f(zy, 2) = a1 (2?y?2 + y?222) + ao(@®yzy + y2xzx) + as(z?2y® + yP2a?)
+ ay(zzay’ + yzya®) + as 22y + 25°2%) + ag(wyryz + yryrz)
+ ar(xyzzy + yryze) + ag(ryzey + yrzyx) + ag(zzyxy + yzeyx)
+ ayo(zzyry + zyxyT).

We first compute the substitution

fleiz —ea1, €13 — €31, €12 — €21 + €13 — €31 + €14 — €41) = 201614 — 205€47
+ (2001 + 2 + az)ern — (o3 + o + 205)ea1 + . ..

from which we get oy = a5 =0, and as = a4y = —ag. Then the substitution

fe1z — ea1 + €13 — €31 + €14 — €41, €12 — €21 + €34 — €43, €23 — €32) =
— (4 + ap + ag + ag)erz — (ag + aglers — (3o + ag + ar — ag)eiy
(a2 + a7 + ag + aig)ear — (201 — 2a5 + g — a1p)eaz

(2a1 + 23 + 25 + 206 — ag)eas + (a3 + 2a5 — ag)eay

(g + ar)ess — (201 + 2a3 + 2a5 — ag + 2aqp)es2

(201 — 205 + ag — a10)ess — (a3 + 2a5 + ap)ess

(2 +3as — a7 + ag)ear — (201 + a3z — ag)ess

(

2001 + ag + C¥6)643

implies that all remaining a;’s must vanish. Therefore, there are no identities
of type [2,2,1].
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The only remaining case is type [2,1,1,1]. A typical polynomial looks
like

f(x1,02,23,y) = Z (0415130(1)%(2)330(3)2/2 + 02T5(1)Zo(2)YLo(3)Y
oE€Ss

T Q3T5(1)YTo(2)To(3)Y T UYT5(1)To(2)To(3)Y T a5%(1)%(2)y2%(3)
T 06T5(1)YTo(2)YL 5 (3) T YL 5(1)To(2)YL o (3) T 068560(1):1;2%(2)%(3)
+ QYT (1) YT (2)Tor(3) T+ QLY T r(1)Tr(2)Tr(3))-

From the substitution

fe12 —ea1 + €13 — €31, €23 — €32, €34 — €43,€12 — €21 + €23 — €32 + €34

—e43) = (a2 + a3 + a7 +ag)err — (as + ag — ag — aqo)(e12 + e43)

— (01 + a2 + 205 + ap + 208 + a9 + a10) (€14 + ea1) + (o1 + az

— Qg — Oég)(ezl + 634) + (042 + (6%} + [0%4 + 069)622 + (063 + (7] + (673

+ a7)(e23 + e32) — (a2 — az + a5 — ag)eas + (203 + 4ag + 2a7)es3

+ (a5 + a7 — ag — ag)eqn — 2(a2 + ag)eqs
we deduce the relations a; = —aqg9, s = —ag, a3 = —ay, a4 = —ag,
as = —ag, ag =0, a; + as — ag = 0 and a; + ag + ag = 0. The dimension
of the nullspace is 2 and we let a1 and ag play the role of free variables.
We first set a; = ag = 1: then ap = a4y = ag = a9 =0, ag = -2, a5 = —1,
ar =2, ajg = —1 and we get

fi(z, z2,23,9) = Z (_1)G(m0(1)x0(2)x0(3)y2 - 2($a(1)y$a(2)$a(3)y
0cES3

- yxa(l)xa@)yxa(?))) - xa(l)xa(Z)yQ‘IEJ(B) + xa(l)y2m0(2)xo(3)
- nyO'(l)xO'(Q)xO’(?)));

but it is easily seen that fi(z1,72,y,y) = k(x1,22,v,vy) — 2q(y, 71, T2).
Next we let oy = 0, ag = 1: then ay = ag = a9 = 0 while a3 = a5 = ag =
—1 and as = a7y = 1 and we get

fo(z1, 22, 23,9) = Z (—1)a($o(1)$a(2)y$a(3)y
oES3

- xa(l)xa(2)y2xa(3) —To()YTe(2)Lo(3)Y + xa(l)y2xa(2)$a(3)

+ YTo (1) T (2) Yo (3) = YTo(1) YT (2)To(3))
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and from (2.23), fo(x1, 22, x3,y) = k(x1, T2, T3,Y).
Thus, any [2,1,1,1]-identity and in fact any identity of K4(F') is a con-
sequence of our polynomial k. O

In a subsequent paper, we will present the minimal degree *-identities
of (M,(F),s), n < 5, for s the symplectic involution. For the transpose
involution, the minimal identities involved mostly skew-symmetric variables;
naturally, when * = s, it appears that most variables will be symmetric.
But regardless of the involution, we do not expect the surprising richness of
x-identities that occurred for low n’s to carry over to the general case n > 5.
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