Algebraic Structures II, MAT 574, Homework 7
Part I

Chapter 14

20. Let I = (2). Prove that I[z] is not a maximal ideal of Z[x| even though I is a maximal
ideal of Z.

Proof. The ideal I = (2) is a maximal ideal of Z because Z/I = {I, 1+ I} is a field.

Notice that I[z] = {g(z) = apa"+an_12" '+ +a1z+ag | a; € (2) =1, n positive integer}.
Let L = (z,2) = {f(x) € Z[z] | f(0) is an even integer}. Then L is a proper ideal of
Z[z] (Problem 35). For every g(x) = anz™ + an—12" ' + -+ + a1z + ag € I[x], we have
g(0) = ap € (2) so that g(z) € L. This proves that L contains I[z]. But L # I[z]. For
example, z +2 € L but x + 2 ¢ I[x]. Thus L contains I[x| properly, that is, I[z] is not a
maximal ideal. O

29. Let R be the ring of continuous functions from R to R. Show that

A={feR|f(0)=0)
is a maximal ideal of R.

Proof. First we show that A is an ideal of R. Let f(z) and g(z) be elements of A. Then
we obtain (f — ¢)(0) = f(0) —g(0) =0—0 =0 so that f —g € A. Also for h(z) € R and
f(x) € A, we get (h- £)(0) = h(0)- f(0) =h(0)-0=0so that h- f € A.

Now we show that R/A is a field. It is enough to show that for every nonzero element
h(z) + A # A of R/A, there exists the multiplicative inverse of h(z) + A. Since h(z) € A,

1
we have h(0) # 0 in the field R. Therefore there exists ¢ = 7o) € R. Now let w(x) = ¢ be

the constant function so that w € R. Consider v(z) = h(zx)w(z) — 1 € R, where 1 is the
constant function. Then

1
v(0) = h(0)w(0) — 1 =h(0)c—1= h(O)m -1=0,
which shows that v(z) € A. In particular h(z)w(z) — 1 € A or h(z)w(z)+ 1 =1+ 1.
Therefore we get
(h(zx)+)(w(z)+I1)=1+1,

which means that w(x) 4 I is the multiplicative inverse of h(x) + I. O



35. In Z[z], let I = {f(z) € Z[z] | f(0) is an even integer}.
(a) Prove that I = (x,2).
(b) How many elements does Z[z]/I have?
)
)

(c) Is I a maximal ideal of Z[z]?

(d) Is I a prime ideal of Z[x]?

(a) Let F(ai)l € (x,2). Then F(x) = zg(z) + 2h(z) for some g(z),h(x) € Zlz]. Let

g(x) = air’ and h(z) = bjal. Then
=0 j=0

n m n m
Flx)==x Z a;zt + 2 Z bjxj =x (Z a;zt + Z ijle) + 2bg.
i=0 =0 i=0 =1

Therefore we may assume that (z,2) = {zg(x) + 2¢| g(z) € Z[z], ¢ € Z}.

!
Let f(z) = Zdixi € I. Then f(0) = dyp = 2s for some s € Z. Hence
=0

I I
fz)=1 (Z djl’jl) +do =1 (Z djle) +2s € (,2).

i=1 j=1
Let F(z) € (x,2). Then F(x) = xzg(z) + 2¢ for some g(z) € Z[x] and ¢ € Z. Then
F(0)=0-g(0) 4+ 2¢ = 2¢ so that F(z) € I.
(b) Let f(x)+ I € Z[x]/I. If f(x) & I, then f(0) is odd. Hence f(z) is of the form
f(z) = zg(z) +2c+1

for some g(z) € Z[z]. Then f(x) —1 = zg(z) + 2c € I so that f(z)+1 =1+ I.
Therefore Z[z]|/I has two elements, I and 1+ 1.

(c) (d) Since Z[z]/I = {I, 1+ I} is a field, the ideal I is a maximal ideal. Therefore it is a
prime ideal as well. O



55. Let R be a commutative ring with unity that has the property that a> = a for all a € R.
Let I be a prime ideal of R. Show that | R/I |= 2.

Proof. Let a+1 € R/I. Suppose a € I. By assumption a®> = a, or a(a —1) = 0 € I. Since

I is a prime ideal and a & I, we have a — 1 € I. This means that a + 1 = 1 + I. Therefore
R/I={I, 1+1}. O

Chapter 15

10. Let Zs[i| = {a+bi| a,b € Z3}. Show that the field Zs[i] is ring-isomorphic to the field
Zs[z]/(x* + 1).

Proof. Let I = (22 + 1) be an ideal of Z3[x]. Define ¢ : Zs[i] — Zs[z]/I to be
pla+bi)=a+bx+ 1.
Let a + bi and ¢ + di be elements of Zs[i]. Then
pla+bi+c+di)=¢((a+c)+(b+d)i) = (a+c)+(b+d)z+1
= (a+bz+I)+(c+dx+1)

= ¢(a+bi)+ ¢(c+ di).

d((a+bi)(c+ di)) = ¢((ac — bd) + (ad + be)i) = (ac — bd) + (ad + be)x + 1.
Notice that since 22 4+ 1 € I, we have 22 + I = —1 + I. Therefore

dla+bi)p(c+di) = (a+br+Dct+dr+1) = (a+bx)(c+da)+T
= ac+ (ad + be)x + bdx? + I
= (ac+ (ad+bc)x + 1)+ (bd + I)(x* + 1)
= (ac+ (ad+be)z + I) + (bd + I)(—1 + I)
= (ac+ (ad+be)r+ 1)+ (=bd+1)

= (ac—bd)+ (ad+ bc)x + I.



In order to show that ¢ is one-to-one, suppose ¢(a + bi) = ¢(c + di). Then
at+br+I=c+de+1
= a—c+(b—d)x el
= a—c+(b—d)z=(22+1)g(x) for some g(v) € Zs3[z].

By comparing the degrees of both sides of this equation, we have a — ¢ + (b — d)x = 0 or
a=cand b=d.

For every element a+bx + I € Zs[z]/I, there exists a+bi € Z3[i] such that ¢p(a+bi) =
a+bx+ I. Hence ¢ is onto. O

12. Let Z[v2] = {a +bV2 | a,b € Z}. Let

H:{[Cg 2b]|abez}

Show that Z[v/2] and H are isomorphic as rings.
Proof. Define ¢ : Z[v/2] — H to be ¢(a+ bv/2) = [ C; 22 ] Let a4 bv/2 and ¢+ dv/2 be
elements of Z[v/2]. Then

pla+bvV2+c+dv2) = ¢((a+c)+ (b+d)V2)

a+c 2(b+d)
b+d a+c

2l

= ¢la+bv2)+ ¢lc+ dv?2).



o((a+bvV2)(c+dv2)) = ¢((ac+ 2bd) + (ad + bc)v/2)

B ac+ 2bd  2(ad + be)
N ad+bc  ac+2bd

3200
= ¢la+bV2)p(c+dv2).

Suppose ¢(a + bv/2) = ¢(c + dv/2). Then [

This proves that ¢ is one-to-one.

a 2b =€ 2d so that a = c and b = d.
b d c

For every element { Z 2ab } € H, there exists a + bv/2 € Z[v/2] such that ¢(a + bv/2) =

[ Z 2ab ] This shows that ¢ is onto. O

13. Consider the mapping ¢ from Ms(Z) into Z given by { CCL IC) ] — a. Prove or disprove

that this is a ring homomorphism.

Proof. This is not a ring homomorphism because the multiplication is not preserved under

1 2]andB:[1 3}Thenwehave

the map. For example, let A = [ 3 4 9 4

¢(AB):¢<[151 ;;]):5 but ¢(A)$(B) =1-1=1.



Part 11

Notation 1 Let R be a ring and I an ideal of R.
(a) R\I={reR|r¢lI}.

(b) VI={r e R|r™ €I for some positive integer n}.

1. Let R be a commutative ring with unity 1 and M a proper ideal of R. Prove that M is
a maximal ideal of R if and only if for every element r € R\ M, there exists x € R such
that 1 —rx € M.

Proof. Suppose M is a maximal ideal. Let » € R\ M. Consider the ideal N = M + (r).
Then since r ¢ M, we have M C N. Then since M is a maximal ideal, N = R. In particular
1€ N = M + (r). Therefore there exist m € M and x € R such that 1 = m + rz. Hence
l—re=meM.

Assume that for every element € R\ M, there exists z € R such that 1 —rz € M. Suppose
that there exists an ideal L of R such that M C L C R. Suppose that M # L. Then there
exists € L\ M. By assumption, there exists x € R such that 1 —rx € M. This means
that 1 — rx = m for some element m € M. Therefore 1 =rz+ M € L, thatis, R=L. O

2. Let R be a commutative ring with unity. Let @) be a proper ideal of R such that whenever
ab € Q but a € Q, there exists a positive integer m such that v € Q. Prove that /Q is a
prime ideal.

Proof. Suppose zy € v/Q and x € /Q. Then (zy)" = z"y™ € Q for some positive integer
n. Since z" € /@, by the assumption, (y")™ € @ for some positive integer m. Therefore

y"™ € @Q so that y € v/Q. O



3. Let R be a commutative ring and I an ideal of R. Prove that every ideal of R/I can be
expressed as J/I ={a+ I |a € J}, where J is an ideal of R containing I.

Proof. First we show that K/I = {a+ 1 |a € K} is an ideal of R/I for any ideal K of R
containing I. Let a + I and b+ I be elements of K /I with a,b € K. Then a —b € K since
K is an ideal. Therefore

(a+I)—(b+I)=(a—b)+ 1€ K/I.
Forr+ 1€ R/I and a+ I € K/I, we have ra € K since K is an ideal. Therefore
(r+)(a+1I)=ra+1€K/I.

This proves that K/I is an ideal of R/I.

Let L be an ideal of R/I and let J = {r € R|r+1 € L}. Then J is an ideal of R. Indeed,

ifa,be J,thena+ 1€ L and b+ 1 € L. Since L is an ideal, we have
(a=b)+I=(a+1)—(b+1)€cL,

which shows that a —b € J. Alsoifx € Rand a € J, then z +1 € R/I and a+ I € L.
Since L is an ideal, we obtain

(za)+I=(x+I)(a+1)€L,

which proves that za € J.

Moreover J contains I because for every element ¢ € I, we have c+ 1 = I € L (Note that [
is the additive identity element in R/I and every ideal of R/I contains the additive identity
element).

Now it is enough to show that L = J/I, where J = {r € R | r+ I € L}. For every element
x+ I € L, by the definition of J, we get x € J so that v + I € J/I. Also for every element
y+ 1€ J/I,since x € J, by the definition of J, we get © + I € L. Therefore L =J/I. O



