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Propositional logic has applications in several areas including computer science, engineering, mathematics, proof complexity, and philosophy. One of the benefits of propositional logic is that there is a procedure for determining the validity of statements using truth tables. However, there is a need to develop more efficient methods for analyzing statements. A set of logical connectives developed by C.S. Peirce can be used as an alternative to notations of symbolic logic. These connectives provide at least three advantages. First, using the connectives, logical statements are amenable to statistical analysis based on symmetry groups. Second, new rules can be formulated that can be used to identify tautologies. These rules can be used as the basis for deduction. Third, the connectives can be used to visualize the structure of logical statements and the application of rules in deductions. 
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CHAPTER 1: INTRODUCTION
            This chapter serves as an overview of formal logic with an emphasis on propositional logic. It covers the applications of formal logic and the benefits and drawbacks of the truth table method. It includes a literature review on sources in formal logic with an emphasis on articles that relate logic to geometry and algebra.
Overview of Formal Logic
Formal logic is used to construct and analyze statements about the natural world and mathematical relationships. One of the more elementary forms of formal logic is propositional logic, where statements are expressed in terms of propositions joined by logical connectives. For example, consider the statement, 'If we arrive at the station by dusk, we'll catch the train.' In propositional logic, this can be represented as 'P ( Q.' In this form, the symbol 'P' represents the proposition 'we arrive at the station by dusk,' 'Q' stands for the proposition 'we'll catch the train,' and '(' represents the 'if . . . then' connective, or conditional. Thus, if 'P' is true, it follows that 'Q' is true. The symbol '(' is known as a binary connective, since it connects two propositions to form a new proposition. Other binary connectives include 'and' (represented by the symbol '&') and 'or' (represented by 'v'). For example, the statement  '(P & Q) ( (R v S)' uses the three logical connectives mentioned so far. This expression can be read as: 'if P and Q, then R or S.'
In addition to commonly-used connectives such as those mentioned above, there are other logical connectives. Since there are four possible truth assignments to any two variables, and each assignment may result in either of two Boolean values, there is a total of 24  or 16 binary logical connectives.
Propositional logic has a wide range of applications. For example, electronic components that function as logical connectives are used to construct circuits. As a result, electronic circuits can be expressed as statements in propositional logic. Statements that are logically equivalent yield circuits that have the same function (Enderton, 2001). 
The connection between circuits and logic was made in a historic paper written by Claude E. Shannon (1940), “A Symbolic Analysis of Relay and Switching Circuits.” Shannon showed that “unnecessarily complex circuits can be translated into the  propositional calculus, the statement simplified, then translated back to a simpler circuit” (Gardner, 1982, p. 129). Thus, designing new circuits is aided by the fact that representative statements in propositional logic can be used to determine  a circuit's function.
It turns out that in addition to circuits, propositional logic and its mathematical formulation, Boolean algebra, can be applied to solve problems in a wide range of physical processes, including fluid control systems and mechanical devices (Gardner, 1982).
Logical connectives and the ways in which they are grouped express the syntax of logical statements. In addition to syntax, logical statements can be understood in terms of semantics. Semantics is the relationship between the formal structure of a logical statement and the possible truth values that a statement can express. For example, the statement 'P & ~P,' which in English stands for 'P and not P,' is always false, since a proposition cannot be both true and false simultaneously. In formal logic, statements that are always false are called contradictions; statements that are always true are tautologies. Since they share the same truth values, tautologies and contradictions represent distinct logical classes known as equivalence classes.
Formal logic is used to form valid arguments and proofs of theorems in mathematics, philosophy, and a wide range of other subjects. One of the benefits of propositional logic in particular is that there is a simple procedure for demonstrating that a theorem is valid using a truth table. If the table shows that a conclusion of a theorem is true whenever its premises are true, the theorem is valid (Sakharov & Weisstein, 2005). Not all theorems can be expressed in propositional logic, but those that can are amenable to automated theorem proving.
Truth tables can be constructed using an algorithm. However, as the number of basic propositions in a statement increases, the size of the table increases exponentially (Enderton, 2001). For example, a truth table for a statement with only two propositions, P and Q, has 22 = 4 rows in its truth table. Each row in the truth table represents a unique truth-value assignment for the variables and the truth value of the entire statement, as shown in Table 1.
Table 1
Sample Truth Table
	P   Q      P & Q

	T   T      T

	T   F      F

	F   T      F

	F   F      F


Thus, a statement with 10 propositions has 210 = 1024 rows. Given exponential growth of truth tables, there is a need to develop analysis of logical statements with more efficient methods. One of the more important problems in computer science is to develop a method for determining if a statement is true for at least one possible set of truth values. This is known as the satisfiability problem. The satisfiability problem is related to several areas in computer science and related fields, including graph-theoretic problems, network design, storage and retrieval, scheduling, and program optimization (Gardner, 1982).
            Tautologies in particular play an important role in logic, mathematics, and engineering. For example, an important problem in mathematical logic is to decide if tautologies can be deduced using formal proofs in fewer steps than it takes using a truth table (Krajícek, 2001). In proof complexity research, tautologies produced with random number generators are used to evaluate the efficacy of proof systems (Krajícek). In engineering, algorithms that recognize tautologies are employed for hardware verification (Aagaard, Jones, & Seger, 1998).
Propositional logic can be extended and used as a basis for more powerful logical systems. For example, additional functionality can be added that allows quantities to be expressed. Modal logic is an extended version of propositional logic which includes logical connectives for expressing possibility and necessity. Modal logic is applied in a wide range of subjects, including philosophy, set theory, and computer science.

Literature Review
There is a long history of using geometry and algebra to express logical statements and to construct theories about formal logic. Logic Machines and Diagrams by David Gardner (1982) provides a concise history of techniques for representing and implementing formal logic, beginning with the Ars Magna of Ramon Lull and ending with machine intelligence and recently-developed forms of logic such as fuzzy logic and probabilistic logic. 
Logical Reasoning with Diagrams,  edited by Gerard Allwein and Jon Barwise (1996), comprises a set of articles that discuss the strengths and limitations of visual reasoning as applied to formal logic. Articles include “Visual Information and Valid Reasoning,” by Jon Barwise and John Etchemendy, authors of a widely-used textbook in logic. It also includes articles on a graphical system developed by C.S. Peirce which is used to study propositional calculus. 

In addition, Logical Reasoning with Diagrams includes a chapter on the use of diagrams for circuit analysis, “Toward the Rigorous Use of Diagrams in Reasoning about Hardware,” written by the editors and co-authored with Steven D. Johnson (Allwein & Barwise, 1996). In the introduction they state: 

Contrary to formalists’ dogma, experience suggests that pictures, diagrams, charts, and graphs are important tools in human reasoning, not mere illustrations as traditional logic would have us believe . . . The computer’s graphical capabilities have advanced to the point that diagrams can be manipulated in sophisticated ways, and it is time to exploit this capability in the analysis of reasoning, and in the design of new reasoning aids. (Allwein & Barwise, p. 9)
 Cleave (1991) states that some logical systems can best be described by the theory of lattices. He states that logical systems "can be constructed . . . from various classes of lattices, with the lattice operations becoming the connectives" (p. 136).
              William Gilbert and Keith Nicholson (2004) authored a book, Modern Algebra with Applications, that provides important material that relates Boolean algebra, Venn diagrams, and lattice theory to the 16 logical connectives. It shows how these concepts can be applied to switching circuits. In addition, it includes material on group theory, including symmetry groups such as the dihedral groups.


Articles that use geometry and symmetry to study logic include "Mirror Notation: Symbol Manipulation without Inscription Manipulation," by Roy A. Sorensen (1999), and "The Geometry of Negation," by Achille C. Varzi and Massimo Warglien (2003). 


Sorensen's article shows how logical operations can be performed by changing perspective. For example, proofs based on mirror reflections of symmetric logical symbols can be constructed. Sorensen states that "Stereotypically, computation involves intrinsic changes to the medium of representation: writing new symbols, erasing old symbols, turning gears, flipping switches, sliding abacus beads" (Sorensen, 1999, p. 141). However, with the correct notation, no rewriting or copying of inscription is involved. Instead, the problem solver changes his orientation to the logical inscription. The result is more efficient calculation: "Although there are the usual physical limits associated with reading the answer, the computation is itself instantaneous. This is true even when the sub-calculations are algorithmically complex, exponentially increasing or even infinite" (Sorensen, p. 141).

Negation plays a fundamental role in logic, and Varzi and Warglien investigate two geometrical metaphors for negation, rotation and reflection. Classical two-valued logic and multi-valued logic are considered. An algebraic group, the dihedral group, is used to manipulate "truth polygons" (Varzi & Warglien, 2003).

Karl Menger's paper considers the 16 binary connectives that are used in propositional logic. He explains that fourteen of the connectives can be represented by the vertices of an octahedron and its inscribed cube (Menger, 1962).

The philosopher and logician C.S. Peirce invented a logical system based on existential graphs (Hartshorne & Weiss, 1960). Existential graphs are a form of diagrammatic reasoning in which logical relationships are represented as diagrams. Venn diagrams are a simpler form of diagrammatic reasoning. Peirce's existential graphs are much more powerful, and comprise three logical systems: Alpha, which is equivalent to propositional logic, Beta, equivalent to first-order logic, and Gamma, which is a form of modal logic. Hammer (1996) proved that Alpha is both sound and complete - i.e., only valid theorems can be proved, and a proof exists for all valid theorems. Roberts (1973) and Shin (2002) both provide reading methods for the Alpha and Beta systems. A reading method is a procedure for interpreting a logical graph into a logical statement. Roberts' reading method is more intuitive, but lacks rigor and consistency (Shin). As a result it is less amenable to implementation as an algorithm. However, Shin does provide an algorithm for interpreting Peirce's Alpha and Beta graphs, and her method can be implemented in a programming language.
John Sowa uses Peirce's Beta graphs and his theory of semiotics as a basis for his own logical system known as Conceptual Graphs (Sowa, 1983). Sowa's Conceptual Graphs are used in knowledge representation systems to represent logical relationships between concepts and

classes of objects. Conceptual Graphs have been the subject of a wide range of studies; a text edited by Ganter and Mineau (2000) provides a collection of several of these studies.

Peirce also showed that the properties of logical connectives such as 'and', 'or', and 
'if . . . then' can be represented by a square divided into four quadrants, with each quadrant representing the four possible truth values of the two propositions that are joined by the connective (Hartshorne & Weiss, 1960). 

Two articles that deal specifically with Peirce's iconic notation include "New Light on Peirce's Iconic Notation for the Sixteen Binary Connectives," by Glenn Clark (1997), and "Untapped Potential in Peirce's Iconic Notation for the Sixteen Binary Connectives," by Shea Zellweger (1997). Both articles appear in an anthology published by the Indiana University Press, Studies in the Logic of Charles Sanders Peirce. These articles are based on a system of signs developed by C.S. Peirce for the binary connectives which he developed in an essay, "The Simplest Mathematics," and include recently-found material authored by Peirce that had remained unpublished.

Clark's article (1997) gives an overview of how Peirce's signs can be used to construct tautologies.  Clark states that "In basing his system of signs on an X-frame having horizontal, vertical, and diagonal symmetry, Peirce brought a strong two-dimensional geometric element

into his system . . . some features of both geometry and algebra were involved in the design and use of his system of signs" (p. 310). 


Zellweger's article (1997) applies Peirce's signs to multi-valued logic and presents a new set of icons for representing the logical connectives. In addition, an article in Spanish, "Simetria y Logica: La notacion de Peirce para los 16 conectivos binaries," by  Mireya Garcia, Jhon Fredy Gomez, and Arnold Oostra (2001), is an analysis of Peirce's 16 logical connectives. This article shows how Venn diagrams, algebraic lattices and group theory can be used to represent and analyze Peirce's logical connectives. It also includes biographical information on Peirce and an overview of his general theory of signs. It concludes with a section on Zellweger's notation for the connectives.

Mathematical graphs can also be used to express logical relationships. Enderton (2001) shows how graphs can be used to model statements in first-order logic. Enderton and Quine (1982) show that a logical statement can be expressed as a tree, a type of graph in which cycles are not present.
Since the 1970's, there has been a rather strict separation between research in machine-based reasoning, which employs logic, and research in machine-based perception, which employs pattern recognition (Schomaker, 2002). Nonetheless, research has shown that pattern recognition and symbolic processing have been successfully combined. For example, pattern recognition systems have been designed that are able to account for logical inference and evaluate validity of arguments (Bechtel and Abrahamsen, 2002). Logical connectives and propositional variables can be encoded so that a neural network can process an argument and determine whether it is valid. Hao Wang, while a researcher at Bell Laboratories, published an article on proving theorems using pattern recognition (Wang, 1960). The article states that the method and ideas of pattern recognition can be extended to give a "quasi-decision procedure" in first-order logic (Wang, p. 221). He explains that this procedure would in theory give a proof if a given formula is a theorem.
CHAPTER 2: CONCEPTUAL DESIGN


This chapter includes a brief sketch of the work of C.S. Peirce followed by a description of the  ideas behind his system of logical connectives. Equivalence rules based on the connectives are included with examples, and the logical functions of all 16 logical connectives are listed.  In addition, Peirce’s tables for constructing tautologies are discussed.
Background on Charles Sanders Peirce

The design of the project centers on a system of logical signs developed by C.S. Peirce in the early twentieth century.  C.S. Peirce made a wide range of important contributions to philosophy, logic, and mathematics. In the Stamford Encyclopedia of Philosophy,  Robert Burch (2006) states that "In the extensiveness and originality of his contributions to mathematical logic, Peirce is almost without equal . . . He invented dozens of different systems of logical syntax" 

(p. 14), among them two systems of graphical syntax, the entitative and existential graphs. The latter is used as the basis for a knowledge representation system, Conceptual Graphs, designed by John Sowa (1983).


Peirce also developed connections between logic, algebra, and topology, and according to some scholars invented the mathematical concept of the lattice, a key component of Boolean algebra (Burch, 2006).
Peirce’s Logical Connectives

In addition to his entitative and existential graphs, Peirce developed a system of icons for representing the 16 binary connectives of propositional logic. This system was presented in one of his manuscripts, "The Simplest Mathematics," published posthumously in the fourth volume of Collected Papers of Charles Sanders Peirce (Hartshorne & Weiss, 1960). Additional material and corrections are provided in Glenn Clark’s article, "New Light on Peirce's Iconic Notation for the Sixteen Binary Connectives" (Clark, 1997). 

Peirce’s icons, also called signs, are used as the basis for the conceptual design and programming structure of this project. The following describes the icons and their implementation in detail.

   The icons are used to represent the 16 binary connectives in propositional logic. Since each binary connective connects two variables, and each variable has two possible values (true or false), each connective is divided into quadrants, one for each possible truth-value pair. Thus a binary connective such as 'or' or 'and' has four possible truth-value combinations of its variables: 
1) both variables are true (‘TT’)

2) left variable is true, right variable is false (‘TF’)

3) left variable is false, right is variable true (‘FT’)

4) both variables are false (‘FF’)

The design of Peirce’s icons is based on the four possible truth-value combinations. The icons are in the form of an X-frame divided into quadrants, each quadrant representing one of the four possible truth values. Peirce's diagram for the X-frame, reproduced with slight modifications by Glenn Clark (1997), is shown in Figure 1.

[image: image1]
Figure 1. Peirce’s X-frame
Peirce used the following notation: a variable above a horizontal stroke has the value true; a variable below a stroke has the value false. Thus, as Figure 1 shows, the left quadrant represents the variable combination in which the left variable, x, is true and the right variable, y, is false. Similarly, the lower quadrant represents the case in which both variables are false.
A quadrant can be either open or closed. A closed quadrant indicates that the truth-value pair is false, an open quadrant indicates that it is true. For example, in formal logic the connective 'or' is false when both variables are false, otherwise it is true. Using Peirce's notation, the sign for this connective has all of its quadrants open except for the quadrant representing 'FF,' the lower quadrant. This is shown in Figure 2.
[image: image2.png]



Figure 2. OR Connective
The connective for 'and' is true when both variables are true, otherwise it is false. As a result, the only quadrant that is open is the one representing the truth-value pair 'TT.' In Peirce’s X-frame, this is the top quadrant. The icon for 'and' is shown in Figure 3.
[image: image3.png]



Figure 3. AND Connective
Peirce designed icons for all 16 binary connectives. The original, linear connectives were re-designed by Peirce into a different notation more suitable for handwriting. Between the X-frame design and Peirce's final design, Peirce experimented with other notations. Table 2 shows three of Peirce's designs (row b) with their representative truth-value functions (row a), reproduced from Glenn Clark’s article on Peirce’s notation (1997).
Table 2 
Three Designs of Peirce’s Connectives and Truth Functions
[image: image4.png]16

1213 14 15

678 910M

2345

1

= ———

———_
b= L
L= -
e b=

e L b= =
L = L =
==L
T Ty
-
——l

| ol ® S Ky KRN
L b= L L
L L = L

(2 C R

Lo Ll L L

(a)

K REXIX XXXNXXIRK XKXXX X

Qex»¥ X
Re<oo g X

® A<K<>V YKo§ IX

N4

NV

AL >V 4N

(b)




The top row of (b) shows Peirce's original X-frame design, the middle row is an intermediate design and the bottom row is Peirce's final design. Since the original X-frame design is more amenable to graphical display on a computer and since it clearly indicates the conceptual framework of Peirce's signs, this design was chosen for the project.

The top row of the diagram (a) shows the truth functions for each connective. From top to bottom, the rows indicate whether the top, left, right or bottom quadrants are open ('T') or closed ('F'). 

In addition to the connectives for 'or' and 'and,' many of the other connectives have been widely used in propositional logic.  The 13th sign, for example, represents the conditional or 'if . . . then' connective. Table 3 shows the 16 connectives and their logical functions and English names, assuming that the left variable is 'P' and the right variable is 'Q.'
Table 3  
The Sixteen Binary Connectives
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Although all of the connectives are binary in the sense that they join two variables, some of the connectives serve as either unary functions or as constants. Of the six connectives with two quadrants closed, four represent unary functions. For example, the quadrants of the connective in the eighth row (function '~P') are closed when 'P' is true, and open when 'P' is false. Thus, this connective is equivalent to the negation of 'P,' 'NOT P.' The connective in the seventh row is true whenever 'Q' is true, and false whenever 'Q' is false; it is equivalent to 'Q.'  Since these connectives are not truly binary, Peirce categorized them as "degenerate" (Hartshorne & Weiss, 1960). 

The first and last connectives in Table 3 are constants. The first connective, with all quadrants closed, is always false, regardless of the truth values of the variables. The last connective, with all quadrants open, is always true. Despite their constant values, Peirce said that these connectives do have a role to play in combination with the other connectives (Clark, 1997).

There are only two connectives that can be used to represent any logical statement: NAND and NOR. In symbolic logic the former is represented by the Scheffer stroke; this function is commonly used as a gate in electronic circuits. The latter function, NOR, is sometimes represented by a symbol called the 'Peirce arrow' after C.S. Peirce. Any set of logical connectives that includes either of these connectives is capable of representing any statement in propositional logic (Gilbert, 2004).
As explained in the introduction, tautologies are particularly useful both for the study of logic and in applications such as circuit analysis. In "The Simplest Mathematics," Peirce showed that the geometrical aspects of his 16 signs can be used for constructing tautologies (Hartshorne & Weiss, 1960). Peirce considered several different "forms," or schemata for logical statements, and constructed tables that indicate which connectives can be used to produce a tautology. 

As an example, one of the forms that Peirce considered is '(X ♦ Y) O (X ♥ Y).' Peirce used playing card symbols as wildcards that represent any of the possible 16 connectives. In the above statement, the diamond, the heart, and the 'O' represent any of the 16 connectives. Thus, statements such as '(X & Y) ( (X v Y)' and '(X ( Y) & ~(X & Y)' are represented by this form.

Using the fact that each icon indicates the possible truth values of the connective given the truth values of the variables, Peirce was able to construct a table that indicates which icons can be substituted for the wild cards to produce a tautology. This is shown in Figure 4.
This table uses Peirce’s final set of signs, shown in the bottom row of Table 2. The use of the table is simple. The connective for the left pair of variables (indicated by the diamond) is cross-referenced with the connective for the right pair (indicated by the heart). The connective in the middle of the table can be used to join the two pairs, with the result being a tautology. 

Peirce’s table shows that the symmetric qualities shown by the icons are indicative of the truth values not only of the connectives, but of the entire statement in which they are used. For example, the middle column of the table shows the connective that is placed between variable pairs that have the same connective. This column comprises the same connective and is symmetric to the vertical axis of the table. In addition, each connective in the column is symmetric to the vertical axis of the X-frame (i.e., both the left and right quadrants are closed). 

[image: image6.png]



Figure 4. Peirce’s Table for Forming Tautologies in Form E
Why is this connective symmetric about the vertical axis? When the connective in each of the two variable pairs is the same, both pairs have equal truth values. As a result, the left and right quadrants of the center connective, where the truth values differ, are closed, and the top and bottom quadrants, where the values are equal, are open. Thus, this connective, when inserted between the two variable pairs, reflects the symmetry of the entire statement form. It turns out that this table has more patterns: it has "6 sets of  14 identical entries in a straight line" (Clark, 1997).
Peirce also constructed tables for more complex tautologies with three variables. This shows that even when the statement form is not symmetric, the table for constructing tautologies exhibits patterns. Also, this table, shown in Figure 5, is suitable for constructing tautologies of several forms.

[image: image7.png]



Figure 5. Peirce’s Table for More Complex Tautologies
Algebraic Aspects of the Connectives
In the conclusion to his article, "New Light on Peirce's Iconic Notation," Glenn Clark briefly mentions that the connectives can be studied using algebraic group theory. He states that the X-frame, or square, has eight rigid motions constituting a non-abelian group called the dihedral group, or 'D4' (Clark, 1997).

The numeral '4' in 'D4' indicates the four sides of the square. The word 'dihedral' stands for 'two planes,' reflecting the fact that there are two kinds of motion that preserves the structure of the square: rotation and reflection. The square can be rotated 90, 180, 270, or 360 degrees, or it can be reflected about one of four axes: vertical, horizontal, and main and secondary diagonals. 

Thus D4 comprises eight symmetries: the identity element (equivalent to rotation by 360 degrees), three rotational symmetries, and reflections about the vertical and horizontal axes and main and secondary diagonals. These symmetries are illustrated in Figure 6.
[image: image8.png]



Figure 6.  Symmetries of the Square
In each case, the structure of the square is preserved, but motion occurs. For example, reflecting the square around the vertical axis is equivalent to flipping the square so that front and back are reversed. However, the shape of the square is preserved. This is why they are called symmetries.

These eight symmetries can be used as the basis for equivalence rules using the connectives. The rules use negation and commutation to preserve the truth value of a statement while rotating or reflecting the connective. Negation is simply taking the opposite truth value of a variable. Commutation is reversing the order of the variables; left becomes right and right becomes left.
For example, if a connective is rotated 90 degrees clockwise, the right variable, 'Q,' is negated and the variables are commuted. This produces an equivalent statement. Figure 7 is an example of the application of this rule using the icon for 'or.'
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Figure 7. Rotation of the 'or' Connective
The icon in the left statement represents the 'or' connective. On the right is the same connective rotated once, or 90 degrees. The X-frame is preserved, but the closed quadrant moves from the bottom to the left. The right variable 'Q' is negated, and the variables are commuted. The transformed connective is equivalent to the material conditional or 'if … then' connective: it is false only when the left variable is true and the right variable is false. Truth tables for both forms are equivalent.
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Figure 8. Reflection of the 'or' Connective on the Secondary Diagonal
An example of a rule that uses reflection is shown in Figure 8. Here, the original statement, 'P v Q,' is the same, but the rule applied is different. Reflecting the connective about the secondary diagonal results in equivalence if the variables are not commuted, but instead if 'P' is negated.

These rules reflect a well-known equivalence relation in propositional logic: the conditional 'P ( Q' is equivalent to '~P v Q.' Thus, considering the first example in Figure 7, 
'~Q ( P' is equivalent to '~~Q v P' or (by elimination of the double negative) 'Q v P' or 'P v Q.' In this case, what takes three steps in symbolic logic takes only one step using Peirce’s connectives.
In his article Clark (1997) mentions three of the eight rules, those for reflection about the main diagonal, the secondary diagonal, and the vertical axis. Since all eight rules are constructed using negation and commutation, it is simple to define the remaining five and to confirm them using truth tables. All eight rules are shown in Table 4 using as an example the conditional 
'P ( Q.'
Table 4 
Eight Equivalence Rules Based on Peirce’s Connectives
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The abbreviations in parentheses are used below to represent group elements. The letter 'F' in the abbreviations for the reflections stands for the word 'flip'; this has a similar meaning to 'reflect' and is used because its initial letter differs from that of the word 'rotate.' While the rules shown in Table 4 use the conditional as an example, these rules apply to each of the 16 connectives.

In addition to these eight rules, a connective can be negated by complementing the quadrants. Thus, 'or' becomes 'not and' or NAND. Note that the rule of double negation ('~~P' is equivalent to 'P') is preserved, since complementing twice returns the connective to its original form.
Advantages of Using the Connectives


Some of the following were illustrated above. Further discussion on the advantages and their implementation will be presented in the following chapters.

1) Symmetry operations can be used to formulate equivalence rules of formal logic in compact form. Each of the eight rules listed in Table 4 expresses 16 equivalence relations; thus 128 equivalences are expressed via eight rules. 

2) Statistical measurements based on D4 group elements can be used to distinguish tautologies from contradictions and contingencies.

3) In addition to applying rules to parts of statements, rules based on the geometry of the connectives can be used to transform entire statements, e.g. through vertical-axis reflections, described below.
4) In conjunction with binary trees, the connectives allow visualization of deductions, of the structure of logical statements, and of the application of equivalence rules.
5) Rules based on the connectives can be used as an alternative to standard methods of deduction. In some cases, the deduction using the connectives is simpler than its equivalent in symbolic logic.

CHAPTER 3: METHODOLOGY
Data structures and functions that implement Peirce’s logical connectives are described in this chapter. Logical statements are represented by the connectives in conjunction with binary trees. Symmetry group elements are represented by permutations. A description of the algorithm for random tree generation is also included.

Design of the Program

The program was coded using ANSI C and GCC version 4.1.0 and compiled on a machine using the Linux operating system. Cairo version 1.2, an open-source 2D graphics library, was used to draw trees using vector graphics.

The program is based on a structure that is designed to represent the 16 logical connectives and variables. Since connectives and variables are implemented as nodes in binary trees, they are named "node elements."  The code for the structure is as follows:

struct NODE_ELEMENT {

   boolean negated;

   enum {VARIABLE,CONNECTIVE} type;

   union {

      int variable_id;

      byte x_frame[QUADRANTS];  

   } id;

};

typedef struct NODE_ELEMENT node_element;

The structure is based on a union. This allows the structure to represent either a variable or a connective without using memory for both. Whether a particular node is a connective or variable is specified at run time by specifying the type field. The same structure was chosen for both variables and connectives in order to allow a tree node to point to either structure without changing the type of node. Variables are stored in a global array of bytes and accessed via an index number. 

Connectives are implemented as a one-dimensional array of four bytes named 'x_frame'. Each byte in the array represents one of the quadrants defined by Peirce's X-frame, as described above. If a quadrant is closed, the value of the byte is set to one, otherwise it is set to zero. A function was coded that  allows conversion from the four-byte array into an integer.

Binary trees were chosen to represent statements primarily because they allow explicit visualization of the relationships between each element. They are in the same vein as Peirce's icons in that they resemble the logical structure of the objects they represent. Also, they are amenable to recursive functions; as a result code for their evaluation and manipulation is simplified and efficient.

The structure of the tree is implemented as a node with memory space for a pointer to the node element and pointers to the left and right nodes:

struct TREE_NODE {

   node_element *content;    

   struct TREE_NODE *left;

   struct TREE_NODE *right;

};

typedef struct TREE_NODE tree_node;

Functions for creating and destroying nodes were coded. The former allocates memory space for a node using malloc(), the latter frees memory space. The function for evaluating a tree or subtree is shown below:

boolean eval_node (tree_node *node) {
// evaluate tree node and return its truth value

   boolean left, right;

   boolean tfvalue;

   node_element * emt;

   byte quadrant;

   if (node -> content == NULL)

      DIE("cannot evaluate node: node content is null.");

   // set emt to the current node's element:

   emt = node -> content;

   . . .
   if (emt -> type == CONNECTIVE) {

      // recursively fetch truth values of left and right nodes:

      left = eval_node (node -> left);

      right = eval_node (node -> right);

      . . .
      // return connective T/F value:

      if ((left == T) && (right == T)) 

         quadrant = 0;

      if ((left == T) && (right == F)) 

         quadrant = 1;

      if ((left == F) && (right == T)) 

         quadrant = 2;

      if ((left == F) && (right == F)) 

         quadrant = 3;

      tfvalue = emt -> id.x_frame[quadrant];

      return ( tfvalue );

   }

   // if emt is a variable, return the variable's truth value:

   tfvalue = ( P[emt -> id.variable_id] );

   if (emt -> negated == T) {

      if (tfvalue == T)

         tfvalue = F;

      else

         tfvalue = T;

   }

   return ( tfvalue );

}

If the node is a connective, the truth values of its left and right nodes are recursively evaluated and their values stored in variables. The combined truth values are then used to determine the appropriate quadrant of the connective; this is represented by the variable quadrant. For example, if both the left and right sides of the connective are false, quadrant is set to three; this represents the bottom quadrant of the X-frame, as shown in Figure 1. The value of quadrant is then used to access the appropriate truth value in the x_frame array for the connective. The truth value is then returned as the value of the node. Any node in the tree can be evaluated. Thus, if a leaf node is passed to the function, the node's value is returned. 

Functions for converting a tree into a prefix expression and vice versa are also included. This allows trees to be saved as strings in a text file or printed to standard output.

As explained above, symmetry group elements are used to transform connectives. These elements, refection and rotation, can be represented as permutations. A permutation is a re-arrangement of an ordered set. As a simple example, the permutation {2,1,3,4} is a re-ordering of the set {1,2,3,4} in which the first and second elements are interchanged.

In this case, integers are used to represent each of the four quadrants, and a permutation can be used to indicate how the quadrants should be re-ordered. For example, code for the permutation of the identity element, which leaves the connective unchanged, is as follows:

byte I[QUADRANTS]  = {0,1,2,3};

This permutation simply preserves the original order of the quadrants. Horizontal reflection is represented by the following permutation:

byte FH[QUADRANTS] = {0,2,1,3};

This leaves the top and bottom quadrants, represented by the integers 0 and 3, the same, but swaps the left (1) and right (2) quadrants. The result is a reflection about the vertical axis in which the left and right quadrants are interchanged.

Permutations for all eight symmetry elements of D4 are represented by a list of arrays as shown below:

byte I[QUADRANTS]  = {0,1,2,3};

byte R1[QUADRANTS] = {2,0,3,1};

byte R2[QUADRANTS] = {3,2,1,0};

byte R3[QUADRANTS] = {1,3,0,2};

byte FM[QUADRANTS] = {1,0,3,2};

byte FS[QUADRANTS] = {2,3,0,1};

byte FV[QUADRANTS] = {3,1,2,0};

byte FH[QUADRANTS] = {0,2,1,3};

The function that transforms connectives is passed a connective (as a node element) and a permutation and uses each integer in the permutation array as an index for the quadrants of the 

connective's X-frame, as follows:

void permute (node_element * emt, byte * permutation) {

// apply permutation of quadrants to specified node element

   int i;

   byte new_x_frame[QUADRANTS];

   if (emt -> type != CONNECTIVE)

      DIE("cannot permute: element not connective.");

   // define permuted x_frame:

   for (i = 0; i < QUADRANTS; i++) 

      new_x_frame[ permutation[i] ] =  emt -> id.x_frame[i];

   // copy permuted x_frame to current element's x_frame:

   for (i = 0; i < QUADRANTS; i++) 

      emt -> id.x_frame[i] = new_x_frame[i];

}

Symmetry groups are represented simply as an array of permutations. Thus, D4 is coded as follows:

#define D4_SIZE 8

byte *D4[D4_SIZE] = {I,R1,R2,R3,FM,FS,FV,FH};
The algorithm for producing random trees employs the random() function and takes two parameters, 'size' (amount of connectives) and 'set' (a set of connectives identified by an integer). The code for this function is shown below:
tree_node * create_random_tree (int node_amt, int set) {

   . . .
   tree_node * node;

   leaf_list * list;

   tree_node * random_leaf;

   node_element * emt;
   . . .  

   // if zero nodes remain, return without expanding tree:

   if (!node_amt) return(NULL);

   // create new node and insert random variable:

   node = create_node();

   insert_element(node, create_element(VARIABLE, random() % MAX_VARIABLES));

   node_amt--;

   // if nodes are remaining, add new node:

   while (node_amt > 1) {

      list = create_leaf_list(node);

      if (list -> size)

         random_leaf = ( list -> leafs[random() % list -> size] );

      else

         DIE("create_random_tree: node has no leafs.\n");

      . . .
      var_a = random() % MAX_VARIABLES;

      var_b = random() % MAX_VARIABLES;

      // add new variables to leaf:

      add_node_left (random_leaf, create_node());

      insert_element(random_leaf -> left, create_element(VARIABLE, var_a));

      add_node_right (random_leaf, create_node());

      insert_element(random_leaf -> right, create_element(VARIABLE, var_b));

      // replace variable in node with a random connective:

      destroy_element(&random_leaf -> content);

      emt = create_element(CONNECTIVE, random_connective(set) );

      insert_element(random_leaf, emt);

      . . .
      node_amt -= 2;

      free(list);

   }

   . . .
   return (node);

}

The main loop of this function is based on the current amount of nodes that have been added to the tree. While nodes remain to be added, a leaf in the current tree is selected by creating a list of all leaves in the tree using the 'create_leaf_list' function and randomly selecting a leaf using the list size. The leaf is then replaced with a random connective (determined using the 'set' parameter to limit the possible results) and two random variables. These steps are repeated until the tree contains the specified amount of nodes. 
The random tree function generated tautologies with a wide variety of forms. For example, with a random tree size of 1 to 49 nodes and a maximum of 10 variables, 80 out of 3000 randomly generated trees were tautologies. This was determined using truth tables. Appendix A shows sample tautologies generated by the random tree function.

CHAPTER 4: APPLICATIONS
Three applications for these data structures and their attending functions have been studied. First, representing a tree using group elements in D4 reveals patterns that distinguish tautologies from contradictions and contingencies. Random generation of trees of varying sizes can be used to generate statistics that distinguish tautologies. Second, new rules based on the connectives and their use in binary trees can be defined. Such rules also aid in the recognition of tautologies. Third, the connectives and their use in binary trees provide a method for visualizing logical statements and equivalence rules. All three applications are discussed below. 
Recognition of Tautologies Using Statistics

As explained above, the size of truth tables increases exponentially as the amount of variables increases linearly. But with symmetry group elements and Peirce’s connectives, patterns can be detected using simple statistical measures that indicate whether an expression is a tautology.

Statistics were gathered based on parent-child pairs in random trees with a limited connective set comprising 'or,' 'not and,' the conditional, and the reverse conditional. These four connectives comprise a subset in which exactly one quadrant is closed. A 'parent-child' pair comprises two connectives from a tree, with one connective being the parent of the other. Thus, in the tree shown in Figure 9, there are two parent-child pairs:
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Figure 9. A Tree with Two Parent-Child Pairs
The first pair comprises the root node (the parent) and the left node (the child). In this case, the child is identical to the parent: both connectives are NAND. Thus, this pair can be represented by the group element 'I.' The second pair in this tree comprises the root node and the right node. Since the child is the same as the parent but rotated by 270 degrees, this pair can be represented by the group element 'R3'; that is, the child is the equivalent of the parent rotated 90 degrees three times. The entire tree can be represented as a string that joins both parent-child pairs: 'I.R3.' Larger trees can be represented in a similar fashion.

To gather statistics, an exhaustive search was performed on all trees comprising the four connectives and a maximum of eight variables. Differences between tautologies and contingencies and contradictions were discovered as specified below.
The mean amount of 'R1' and 'R2' parent-child pairs is the same in both tautologies and contingencies/contradictions. However, for tautologies, 'I' parent-child pairs are, in some cases, much more frequent than 'R2' parent-child pairs. In other words, the mean number of parent-child pairs in which the child is identical to the parent is greater than the mean number of pairs in which the child is the parent rotated twice. Table 5 shows the results of the exhaustive search. As the number of nodes increases, the amount of parent-child pairs in each tree and the discrepancy between 'I' and 'R2' parent child pairs increases.
Table 5 
Mean Amount of Parent-Child Pairs in Tautologies
        Total      Total

Size:   Trees:     Tautologies:  I:     R1:    R2:    R3:    I/R2:

3       8          2             0.000  0.000  0.000  0.000  N/A
5       160        40            0.200  0.250  0.300  0.250  0.667
7       4,800      1,160         0.545  0.469  0.517  0.469  1.053
9       186,368    42,976        0.824  0.724  0.728  0.724  1.131
11      8,730,624  1,918,944     1.092  0.979  0.951  0.979  1.148

In Table 5, the first column shows the size of the trees in terms of the amount of nodes (both connectives and variables), the second column shows the total amount of trees generated for the exhaustive search and the following column shows the amount of tautologies that were produced. The next four columns show the mean amount of parent-child pairs in each tree. The increase in the discrepancy between 'I' and 'R2' parent-child pairs is shown by the ratio I/R2, the last column in the table.
Data for non-tautologies (i.e., contingencies and contradictions) show that there is minimal discrepancy between the amount of  'I' and 'R2' parent-child pairs. This is shown in Table 6.
Table 6  
Mean Amount of Parent-Child Pairs in Non-Tautologies
        Total      Total

Size:   Trees:     Non-tauts.:  I:     R1:    R2:    R3:    I/R2:
3       8          6            0.000  0.000  0.000  0.000  N/A

5       160        120          0.267  0.250  0.233  0.250  1.143
7       4,800      3,640        0.486  0.510  0.495  0.510  0.982

9       186,368    143,392      0.728  0.758  0.756  0.758  0.962

11      8,730,624  6,811,680    0.974  1.006  1.014  1.006  0.961

As the tree size increases, the total amount of trees that must be evaluated in an exhaustive search increases exponentially. Thus, while there are only eight trees with three nodes, there are over 8 million trees with 11 nodes; an increase of only eight in the size of the tree results in an increase of 8,730,616 in the amount of possible trees. 

In general, the amount of trees in a set of all binary trees of size n nodes, where each node is a connective, is expressed by the following equation:

N = C nf(n)g(n)
N is the total amount of trees, C is the amount of connective types (in this case, C = 4), f(n) is the amount of possible binary trees with n nodes, and g(n) is the amount of variable permutations for a tree with n nodes. The function f(n) is as follows:
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In addition, f(0) = 0, f(1) = 1, and f(2) = 2. The function is derived as follows. Consider a tree with a single node (n = 1); there are f(1) = 1 possible binary trees. If either branch is developed so that there are a total of two nodes in the tree, then there are f(2) = 2 possible trees. For n > 2 nodes, the summation defined above recursively defines the total number of binary trees. Thus, consider a tree of n > 2  nodes with a root node and one or more nodes on the left and right branches. The left branch comprises f(k) possible subtrees for k = 1 . . . n – 2 nodes; n – 2 is the maximum since one node in the tree is the root node and at least one node is on the right branch. The right branch comprises f(n –1 – k) possible subtrees; i.e., the total number of nodes, n, minus the root node and the left-branch nodes. In addition, each of the left and right branches comprise f(n – 1) possible subtrees, with each subtree comprising all of the nodes except the root node. In these cases, the left and right branches together comprise 2f(n – 1) possible subtrees.
Since truth tables must be constructed and word-pairs counted for each tree, the exhaustive search method quickly becomes infeasible. For this reason, random samples are useful for larger tree sizes. Results generated from random trees confirm the exhaustive search results. For example, for random trees of size 13 – 21 nodes, where a node is either a connective or a variable, and with a maximum of eight variables, statistics were generated from 1,000,000 trees. The results are shown in Table 7.
Table 7 
Mean Amount of Parent-Child Pairs in Random Tautologies

        Total           

Size:   Tautologies:   I:      R1:     R2:     R3:     I/R2:

13      77,286         1.405   1.248   1.094   1.253   1.285

15      81,491         1.680   1.502   1.312   1.505   1.281

17      85,186         1.944   1.756   1.541   1.759   1.262

19      88,796         2.211   2.012   1.768   2.009   1.251

21      91,412         2.485   2.264   1.991   2.261   1.248

Thus, the average tautology of size 13 – 21 has an 'I/R2' ratio greater than one, while the amount of 'R1' and 'R3' pairs is approximately the same. This is the same result produced by the exhaustive search.
In comparison, shown in Table 8 are the statistics for contingencies and contradictions with the same parameters described.
Table 8  
Mean Amount of Parent-Child Pairs in Random Non-Tautologies
        Total           

Size:   Non-tauts:     I:      R1:     R2:     R3:     I/R2:
13      922,714        1.235   1.250   1.264   1.251   0.977

15      918,509        1.484   1.500   1.516   1.500   0.979

17      914,814        1.732   1.749   1.769   1.750   0.979
19      911,204        1.979   2.000   2.025   1.998   0.977

21      908,588        2.227   2.246   2.277   2.250   0.978
In these cases, the mean amount of 'R2' pairs is greater than the mean amount of 'I' pairs. This confirms the results of the exhaustive search. These data show that tautologies are more likely to have identical parent-child pairs than pairs in which the child is the parent rotated twice ('R2'). Likewise, contingencies and contradictions are more likely to have a larger amount of the latter pair than the former. Table 9 shows the total amount of connectives for trees of size up to 11 nodes.
Table 9  
Total Amount of Connectives in Tautologies

Size:  NAND:       Conditional:   Reverse conditional:   Or:  
3      0           1              1                      0  

5      10          22             22                     26

7      510         902            902                    1,166 

9      27,640      43,744         43,744                 56,776

11     1,642,448   2,421,912      2,421,912              3,108,448

This table shows a pattern: tautologies comprising the four connectives have a predominance of the 'or' connective, while the 'not and' connective is the least frequent. Since the 'or' connective is false only in the case in which both left and right subtrees are false, this indicates that each subtree is more likely to be true than false. In order words, the case in which both sides of a connective are false is less likely than the case in which both sides are true. This may be true for tautologies comprising the four connectives in general because each of the four connectives has three open quadrants for each closed quadrant. For example, a tree comprising four connectives has 12 open quadrants and only four closed quadrants.
Thus, for all variable permutations, each connective is more likely to produce a value of true. Since each subtree is more likely to be true, the connective 'not and' is more likely to produce a false value. As a result, when 'not and' is the root node, the entire tree is more likely to be false. Thus, for trees that are always true, the connective 'or' occurs more frequently than 'not and.' As a result, parent-child pairs in which both connectives are 'or' (the 'I' pair) are more likely than 'R2' pairs in which one connective is 'or' and one connective is 'not and.' On the other hand, the conditional and reverse conditional connectives, which produce the value 'true' with equal frequency, show no discrepancy in frequency of occurrence in tautologies. Thus, these results indicate that connectives that are more likely to produce the value true are more frequent in tautologies in which there is a predominance of open quadrants.
The above statistics can be used to filter out possible tautologies in large sets of trees. A function was coded in which a random tree is identified as a possible tautology based on the ratio of 'or' connectives to 'not and' connectives, the ratio of 'I' and 'R2' parent-child pairs, and the amount of nodes in the tree. Table 10 shows the results for trees of 15 nodes and larger.
Table 10   
Amount of Tautologies Recognized via Statistical Measurements
Tree                 Amount       Actual
Size:  Tautologies:  Classified:  Tautologies:
15     144,944       1,109        718 (0.65)     

17     150,601       501          353 (0.70)     

19     155,894       878          550 (0.63)     

21     161,427       1,379        779 (0.56)     

23     164,811       1,241        686 (0.55)     

25     168,830       688          400 (0.58)     

27     172,105       898          473 (0.53)    

29     174,587       1,063        549 (0.52)     

31     179,026       1,249        665 (0.53)     

33     180,726       910          523 (0.57)     

For each size, 1,000,000 random trees were generated. The second column shows the total number of tautologies in the data set, and Amount Classified shows the amount of trees that were classified as possible tautologies. The final column shows the number of classified trees that are tautologies and in parentheses the proportion of actual tautologies to the amount of trees classified. This table shows that for all sizes, most of the classified trees are tautologies. However, only a small fraction of the actual number of tautologies is identified. This method would be useful in an application in which a small number of tautologies need to be identified in a large data set, and in which other methods can be used to verify that a tree is a tautology. 
Thus, given certain parameters, the difference between the amount of connectives in trees that form tautologies and those that do not, as well as the frequency of parent-child pairs, is significant enough to be used as a discriminant for statistical recognition algorithms. However, these discriminants must be used with other measurements in order to identify most or all tautologies of a given data set. In combination with other measurements, statistics such as these might be able to be used in lieu of the truth table method. The benefit is that statistical measurements such as counting parent-child pairs and determining the distribution of connective types requires linear time, while constructing truth tables requires exponential time based on the number of variables.

Definition of New Rules
As explained above, the eight rules based on rotation and reflection represent 128 equivalence rules in propositional logic. Using exhaustive search functions, new rules based on specific tree structures can be discovered. Theses rules apply to multiple connectives and their interrelationships, not to individual connectives. Given certain parameters such as the structure of the binary tree and variable distribution, rules can be defined that can be used to identify tautologies, even when the amount of variables is too large to construct a truth table.

For example, consider trees of the form shown in Figure 10, in which only the left branch of each node is developed, with right branches always being variables.
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Figure 10. Trees with Connectives Only on Left Branches
Trees of this form, up to a size of 15 nodes, were subject to an exhaustive search in which all possible variable combinations were evaluated. The exhaustive search verified a rule that was discovered through trial and error of random trees. The rule is defined as follows.
If the root node is a reverse conditional, then the tree is a tautology if the child of each connective is the group element 'FM' applied to the parent, and the leftmost and rightmost variables are identical. 
As long as the two variables specified are identical, all other possible variable combinations fall within this definition. Thus, the following tree is a tautology, regardless of the variables that fall within the two 'P' variables:
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Figure 11. A Tautology in ‘FM’ Form
Thus, this rule serves as a substitute for the truth table method. The advantage of using the rule over constructing a truth table is that it requires only linear time to evaluate the expression: each connective must be compared once with its parent, and only two variables must be compared. With larger amounts of variables, this method is much faster than using a truth table.
The following is an inductive proof of this rule using standard notation: 
            1. Basis: show '(P v Q)  ( P' (this is the simplest statement in 'FM' form). 
'(P v Q) ( P' is equivalent to 'P ( (P v Q).' This statement is false only when the left side of the conditional, 'P,' is true, and the right side, '(P v Q),' is false. But whenever 'P' is true, by definition of the 'v' (or) connective, '(P v Q)' is true. Thus, this statement is valid.

               2. Case 1: Show that for any statement m, '((P v Q) ◊ *) ( P,' if m is true then the expansion of m by one connective in the 'FM' form (i.e., '(((P ( S) v T) ◊ *) ( P' is also true. Here, '◊ *' represents one or more connective/variable pairs, with initial parentheses. For example, if '◊ *' is '& U) ( V)' then the entire statement would be equivalent to 
'((((P ( S) v T) & U) ( V) ( P.'


The following proof is based on the inductive hypothesis: 
'((P v Q) ◊ *) ( P'. '((P v Q) ◊ *) ( P' is equivalent to 'P ( ((P v Q) ◊ *).' By assumption and definition of the conditional,  '((P v Q) ◊ *)' is true whenever 'P' is true.


'(((P ( S) v T) ◊ *) ( P' is equivalent to 'P ( (((S ( P) v T) ◊ *).' Thus, by definition of the conditional, if '(((S ( P) v T) ◊ *)' is true whenever 'P' is true, the statement is valid. By Material Implication, '(((S ( P) v T) ◊ *)' is equivalent to '(((~S v P) v T) ◊ *).' By Commutation, 
'(((~S v P) v T) ◊ *)' is equivalent to '(((P v ~S) v T) ◊ *),' and Associativity yields 
'((P v (~S v T)) ◊ *).' Substituting 'Q' for '(~S v T)' results in '((P v Q) ◊ *).' By assumption, this statement is true whenever 'P' is true. Thus, given the inductive hypothesis, 

'(((P (  S) v T) ◊ *) ( P' is valid.

Case 2: Show that for any statement m, '((P ( Q) ◊ *) ( P,' if m is true then the expansion of m by one connective in the 'FM' form (i.e., '(((P v S) ( T) ◊ *) ( P') is also true.


The following proof is based on the inductive hypothesis: '((P ( Q) ◊ *) ( P.'  This statement is equivalent to 'P ( ((Q ( P ) ◊ *).' By assumption and definition of the conditional,  

'((Q ( P ) ◊ *)' is true whenever 'P' is true.

'(((P v S) ( T) ◊ *) ( P' is equivalent to 'P ( ((T ( (P v S)) ◊ *).' By Material Implication, '((T ( (P v S)) ◊ *)' is equivalent to '((~T v (P v S)) ◊ *).' By Commutation, 
this statement is equivalent to '((~T v (S v P)) ◊ *),' and Associativity yields 
'((~T v S) v P) ◊ *).' Via double negative elimination and DeMorgan’s Theorem, we have 

'((~T v ~~S) v P) ◊ *)' ( '(~(T & ~S) v P) ◊ *).' Substituting 'Q' for '(T & ~S)' and applying the rule of Material Implication results in '(~Q v P) ◊ *)' ( '(Q ( P) ◊ *).' By assumption, this statement is true whenever 'P' is true. Thus, given the inductive hypothesis, 

'(((P v S) ( T) ◊ *) ( P' is valid.

Vertical Axis Reflection

Another useful rule that was discovered using the connectives is the vertical axis reflection, which can be used to transform a statement of any size into an equivalent statement. This rule was discovered using trial and error and verified using a random search.

The rule can be applied as follows. For any tree, the reflection of the tree about an imaginary vertical axis through the center of the root node is an equivalent expression. This rule is similar to the horizontal reflection rule (FH), one of the eight equivalence rules shown in  Table 4. However, instead of being applied to only one connective and its variables, the rule can be applied to an entire tree or subtree. Shown in Figure 12 is a tree and its equivalent produced by a vertical axis reflection.
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Figure 12. Tree Reflected about the Vertical Axis
Thus, rules based on the connectives not only apply to individual connectives but also to entire trees. Both the structure of the tree and the geometry of the connectives can be employed to recognize tautologies and to define new equivalence rules.

Visualization
The third advantage of using Peirce's connectives, which is especially suitable for computer graphics, is visualization. The connectives, in conjunction with binary trees, illustrate how logical expressions can be geometrically manipulated to prove a statement. 

There is a strong need for a notation of propositional logic that is more visual and intuitive. For example, consider the statement '~(~(S & T) v (R ( (Q v P)) ( ~P.' This statement is in the standard notation of symbolic logic. The premise is 
'~(~(S & T) v (R ( (Q v P))' and the conclusion is '~P.' Using rules of natural deduction, the proof begins with the premise and shows that the conclusion is a logical consequence:

1. ~(~(S & T) v (R ( (Q v P))      Premise

2. ~~(S & T) & ~(R ( (Q v P))      De Morgan's Theorem
3. ~~(S & T) & ~(~R v (Q v P))      Material Implication

4. ~~(S & T) & (~~R & ~(Q v P))     De Morgan's Theorem
5. ~~(S & T) & (~~R & (~Q & ~P))    De Morgan's Theorem
6. ~~R & (~Q & ~P)                  Simplification

7. ~Q & ~P                          Simplification

8. ~P                               Simplification

As shown above, the deduction comprises eight steps and employs three rules, De Morgan's Theorem, Material Implication, and Simplification. These rules are widely used in systems of natural deduction (Copi, 1979).

The proof of this statement is equivalent to showing that it is a tautology. This can be done using a truth table. Since there are five variables, the table requires thirty-two lines, as shown in Table 11.
Table 11  
Truth Table
     P Q R T S 

  1: T T T T T    T

  2: T T T T F    T

  3: T T T F T    T

  4: T T T F F    T

  5: T T F T T    T

  6: T T F T F    T

  7: T T F F T    T

  8: T T F F F    T

  9: T F T T T    T
 10: T F T T F    T

 11: T F T F T    T

 12: T F T F F    T

 13: T F F T T    T

 14: T F F T F    T

 15: T F F F T    T

 16: T F F F F    T

 17: F T T T T    T

 18: F T T T F    T

 19: F T T F T    T

 20: F T T F F    T

 21: F T F T T    T

 22: F T F T F    T

 23: F T F F T    T

 24: F T F F F    T

 25: F F T T T    T

 26: F F T T F    T

 27: F F T F T    T

 28: F F T F F    T

 29: F F F T T    T

 30: F F F T F    T

 31: F F F F T    T

 32: F F F F F    T

The truth table takes very little time to construct on a computer, but with more variables, the amount of time required becomes too large. 

[image: image17.png]Initial statement:

1. Horizontal reflection of root node:

X
-p =
%
s T
Rotation 2x of root node:
x
v X
%
s T

3. Vertical axis reflection through root node:

x




Figure 13. Visual Deduction Using Peirce’s Connectives
Shown in Figure 13 is a deduction of the same statement using Peirce's connectives and some of the rules defined in the preceding section. This is a visual proof, relying on the symmetries of the connectives and the structure of the tree to show that the statement is a tautology. The proof requires only three steps and the application of three rules. 

In the first step, the root node is reflected horizontally. According to the rule table ('FH' in Table 4), an equivalent statement is produced when the left and right nodes are swapped. This is shown in the first step.

In the second step, the root node is rotated twice. An equivalent statement is produced when the left and right nodes are negated. Thus, the left node becomes '~~P ≡ P,' and the negation of the right node is simply the complement of the connective: each open quadrant is closed, and each closed quadrant is opened. 
In the third step, the entire tree is reflected by applying the vertical axis reflection rule, defined above, to the root node. The tree that is produced conforms to the 'FM' form described in Definition of new rules, therefore it is a tautology. Thus, since the final tree is equivalent to the initial tree, and the final tree is a tautology, the application of rules above serves as a deduction.

Compared with both the deductive proof in symbolic logic and the truth table method, the above method is shorter, requiring only three steps. Thus, constructing a proof or showing that two statements are equivalent may require fewer steps using Peirce's connectives.

The above also illustrates the proof visually. The application of symmetry group elements and the geometric aspects of proof are shown step by step; in the deductive proof using symbolic logic and the truth table these aspects are much less explicit, or entirely absent.
In some cases, a deduction of a statement is immediately evident from the connectives. For example, trees in which the root node have both top and bottom quadrants open and equivalent subtrees on the left and right branches are immediately identifiable as tautologies. This is because the equivalence of left and right precludes cases in which their truth values differ. Thus, either both sides are true, or both sides are false. If both top and bottom quadrants are open, both possible outcomes will result in the entire statement being true.


In addition, connectives that exhibit left-right symmetry, such as the connectives for 'and,' 'not or' and 'exclusive or' can be reflected horizontally in order to commute the variables without negation. For example, consider the following statement:
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Figure 14. Statement with Symmetric Connectives
It is evident from the root node and the 'or' connective on the left side that this tree is nearly in 'FM' form. If the right branch of the 'or' connective can be moved to the left and the variables 'P' and 'R' commuted, the tree would be in 'FM' form and as a result it would be a tautology. Since both connectives on the left side of the root node are horizontally symmetric, it is clear that two steps would suffice for the deduction, both requiring application of the horizontal reflection rule ('FH'). Thus, applying 'FH' to the 'or' connective and the same rule to the left-side 'and' connective will produce a tree in 'FM' form, as shown in Figure 15.
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Figure 15. Statement in 'FM' Form
Thus, relationships between connectives in binary trees and the presence of left-right or top-bottom symmetry in individual connectives can be used to construct deductions via a visual inspection of the statement.
An open-source graphics library, Cairo, was used to generate the trees. Computer graphics are especially suitable for Peirce's connectives; they can quickly render complex trees that would be infeasible to draw by hand.

CHAPTER 5: CONCLUSION

  This chapter discusses some of the advantages of using Peirce’s connectives in light of the results presented above. Advantages such as the formulation of new equivalence rules and visualization using computer graphics are discussed along with possible applications. Also included are limitations of the research and directions for future projects.
Advantages of Using the Connectives

There are several advantages to using Peirce's logical connectives in conjunction with binary trees. First, using the connectives, logical statements are amendable to statistical analysis based on symmetry groups. One application of statistical analysis is to measure the amount of parent-child pairs; this measurement shows that tautologies are more likely to include particular pairs of connectives defined by group elements. Second, new rules can be formulated that can be used to identify tautologies and to determine equivalence. These rules can be used as the basis for deduction. Third, the connectives can be used to visualize the structure of logical statements and the application of rules in a deduction. Computer graphics can be harnessed to take advantage of the visual aspects of the connectives and illustrate geometric and algebraic aspects of logical statements that remain hidden in the notation of symbolic logic.


These advantages underlie several possible applications of the connectives in computer science and other areas; among these are the following:
· Peirce’s connectives can be used for circuit analysis in the design of computers. For example, they can be used to determine if a circuit is a tautology, or if one circuit is equivalent to another.

· The connectives can be employed in long-standing problems of computer science and formal logic such as the satisfiability problem.

· In addition to computer science and engineering, they are applicable in other areas where propositional logic is employed, such as proof complexity.

Limitations and Future Research
As shown above, the connectives can be used as a system of deduction. However, the completeness of this system remains to be proven. In this case, the system is complete if it can be used to prove any tautology. Presently, it remains to be determined whether the rules defined above are sufficient to prove any tautology in propositional logic using the connectives.

This limitation can be used as a starting point for future research. In addition, there are other avenues of exploration. The following are only some of the possible directions for research projects based on Peirce’s connectives and the results derived from them:

· Prove that the system of deduction based on the rules defined above ('FM' tautology forms, vertical axis reflection, and the eight equivalence rules) is complete, or define additional rules that would make the system complete.

· Use genetic programming in conjunction with the connectives to define new rules or to construct more complex deductions.
· Develop an application that extends the possible modes of visualization using the connectives. For example, an interface that allows a tree to be constructed graphically and then deduced using animation would be useful in exploring the connectives further. 

· Employ a neural network or other pattern recognition tool to detect additional patterns in statements that are constructed using the connectives.
APPENDICES
APPENDIX A: TAUTOLOGIES
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APPENDIX B: SOURCE CODE

/*

 * File:    logic.c

 * Project: Master's Thesis

 * Author:  Anthony Pasqualoni

 * Adviser: Dr. Hrvoje Podnar

 * Date:    April 10, 2007

*/

#include "logic.h"

#include "connective.c"

#include "group.c"

#include "tree.c"

#include "graph.c"

#include <time.h>

#include <unistd.h>

/*

Compilation: gcc -g -Wall `pkg-config --cflags --libs cairo` logic.c

*/

int main (void) {

   int i;

   double or_rand, word_rand;

   test_tree();

   // statistics:

   count_tree_words();

   // exhaustive search:

   for (i = 3; i < 13; i += 2) {

      search_node_amount = i;

      search_full();

   }

   // tautology classification via statistics:

   srandom(16);

   or_rand = 0.52;    

   word_rand = 0.50;

   majority = 1;

   printf("rands: %f   %f\n",or_rand,word_rand);

   for (i = 13; i < 37 && majority > -1; i += 2) {

      min_or = pow((double)i, or_rand);

      min_word = pow((double)i, word_rand);

      if (i == 15)

         printf("first size: min_or: %f   min_word: %f\n",min_or, min_word);

      fflush(stdout);

      guess_tautology(i);

   }

   // generate random trees:

   generate();

   // vertical axis reflection:

   test_reflect();

   // visualization:

   draw_trees();

   deduction();

   return (0);

}

void test_reflect (void) {

   int i;

   tree_node * test_tree;

   int tree_size;

   node_data *nd_orig;

   node_data *nd_reflected;

   surface * s;

   tree_list *tautology_list;

   int tautologies;

   int orchard_size;

   orchard_size = 1000;

   s = create_surface(600, MAX_SURFACE_HEIGHT);

   tautologies = 0;

   tautology_list = create_tree_list();

   srandom(4);

   for (i = 0; i < orchard_size; i++) {

      tree_size = 15;

      test_tree = create_random_tree(tree_size,1);

      printf("before reflection:\n");

      print_tree (test_tree);

      nd_orig = create_node_data (test_tree);

      print_node_data(nd_orig);

      if (nd_orig -> class == TAUTOLOGY) {

         draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, 
            s -> width/2);

         tautologies++;

         add_tree_if_unique(tautology_list, test_tree);

      }

      NL

      reflect_tree (test_tree);

      printf("after reflecting:\n");

      print_tree (test_tree);

      nd_reflected = create_node_data (test_tree);

      if (nd_orig -> class != nd_reflected -> class)

         DIE("vertical reflect test: reflected tree doesn't match original.")

      if (nd_reflected -> class == TAUTOLOGY) {

         draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, 
            s -> width/2);

         add_tree_if_unique(tautology_list, test_tree);

      }

      destroy_node_data(nd_orig);

      destroy_node_data(nd_reflected);

   } 

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   NL

   printf("total trees: %d\n",orchard_size);

   printf("tautologies: %d. unique tautologies: %d.\n",tautologies,
      tautology_list -> size);

   // destroy tree outside of main loop:

   destroy_tree(test_tree);

   free(tautology_list);

}

void test_same_tree (void) {

   int i;

   int orchard_size;

   int tree_size;

   tree_node *tree_a;

   tree_node *tree_b;

   surface * s;

   orchard_size = 100000;

   tree_size = 7;

   s = create_surface(500, MAX_SURFACE_HEIGHT);

   tree_node *bi_tree;

   node_data *nd;

   tree_a = create_tree_from_prefix("C8.C9.C10.P0.C8.P1.P2.P3.P4.");

   tree_b = create_tree_from_prefix("C8.C9.C10.P0.P3.C8.P1.P2.P4.");

   bi_tree = create_node();

   add_node_left (bi_tree, tree_a);

   add_node_right (bi_tree, tree_b); 

   insert_element (bi_tree, create_element(CONNECTIVE,9));

   print_tree(bi_tree);

   nd = create_node_data(bi_tree);

   print_node_data(nd);

   if (nd -> class == TAUTOLOGY)

      printf("is tautology\n");

   NL

   printf("generating orchard of %d trees:\n",orchard_size);

   for (i = 0; i < orchard_size; i++) {

      tree_size = (random() % 8) * 2 + 1;

      tree_a = create_random_tree (tree_size,1);

      tree_b = create_random_tree (tree_size,1);

      NL

      print_tree(tree_a);

      print_tree(tree_b);

      if (same_tree (tree_a, tree_b)) {

         printf("* same tree\n");

         draw_tree(tree_a,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, 
            s -> width/2);

         draw_tree(tree_b,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, 
            s -> width/2);

      }

      destroy_tree(tree_a);

      destroy_tree(tree_b);

   } // for i

   draw_surface(s);

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   NL

}

void search_full (void) {

   int i;

   char prefix[MAX_STRING_SIZE];

   tree_node *tree;

   for (i = 0; i < WORD_GROUP_AMT; i++)

      word_count[i] = 0.0;

   for (i = 0; i < CONNECTIVE_AMT; i++)

      connective_count[i] = 0;

   unique_trees = create_tree_list();

   sprintf (prefix,"C7.P0.P0.");

   tree = create_tree_from_prefix(prefix);

   tree_amt = 0;

   tautology_amt = 0;

   explore(tree,tree,3);

   for (i = 0; i < unique_trees -> size; i++) {

       printf("basic tree form %d:\n",i);

       print_tree(unique_trees -> trees[i]);

       fflush(stdout);

   }

   search_tree_forms();

   for (i = 0; i < WORD_GROUP_AMT; i++)

      printf("word[%d]: %f\n",i,word_count[i]);

   for (i = 0; i < WORD_GROUP_AMT; i++)

      printf("mean word[%d]: %f\n",i,word_count[i]/(float)tautology_amt);

   printf("word_count[0]/word_count[2]: %f\n",word_count[0]/word_count[2]);

   printf("mean word_count[0]/mean word_count[2]: %f\n",

      (word_count[0]/(float)tautology_amt) / (word_count[2]/(float)tautology_amt) );

   printf("Connective totals:\n");

   printf("connective[7]: %d\n",connective_count[7]);

   printf("connective[11]: %d\n",connective_count[11]);

   printf("connective[13]: %d\n",connective_count[13]);

   printf("connective[14]: %d\n",connective_count[14]);

   if (connective_count[7] > 0)

      printf("connective_count[14]/connective_count[7]: %f\n",(float)connective_count[14]/(float)connective_count[7]);

   NL

}

void search_tree_forms (void) {

   int i,j,k;

   tree_node *tree;

   tree_node *tree_copy;

   int set[4] = {7,13,14,11};

   int set_size = 4;

   leaf_list *leaflist;

   variable_sequence_list *sequence_list;

   int var_amt;

   tree_amt = 0;

   tautology_amt = 0;

   var_amt = 0;

   for (i = 0; i < unique_trees -> size; i++) {

      if (!(i % 10))

         sleep(20);  // cool down

      tree = unique_trees -> trees[i];

      leaflist = create_leaf_list(tree);

      var_amt = leaflist -> size;

      sequence_list = create_variable_sequence_list(var_amt);

      for (j = 0; j < sequence_list -> size; j++) {

         for (k = 0; k < var_amt; k++) 

            leaflist -> leafs[k] -> content -> id.variable_id = sequence_list -> sequences[j][k];

         tree_copy = copy_tree(tree);

         exhaustive_search (tree_copy, set, set_size, "images/tree.png");    

      } // for j

      free(sequence_list);

      free(leaflist);

   } // for i

   printf("tree size (nodes): %d\n",search_node_amount);

   printf("tree_amt: %d\n", tree_amt);

   printf("tautology_amt: %d\n", tautology_amt);

} // search_tree_forms

void explore (tree_node *root, tree_node *node, int node_amt) {

// recursively generate trees with n + 1 nodes by individually replacing 

// each leaf with a connective node.

   tree_node * tree_copy_a;

   int i;

   if (node_amt > search_node_amount)

      return;

   if (node_amt == search_node_amount)

      add_tree_if_unique(unique_trees, root);

   leaf_list * leaflist;

   leaflist = create_leaf_list(root);

   for (i = 0; i < leaflist -> size; i++) {

      tree_copy_a = copy_tree(root);

      leaf_list * leafs_a;

      leafs_a = create_leaf_list(tree_copy_a);

      insert_connective(leafs_a -> leafs[i]);

      explore (tree_copy_a, root, node_amt + 2);

   }

}

boolean insert_connective (tree_node * node) {

// used by explore() to insert connective in a leaf node

   node_element *emt;

   add_node_left (node, create_node());

   insert_element(node -> left, create_element(VARIABLE, 0));

   add_node_right (node, create_node());

   insert_element(node -> right, create_element(VARIABLE, 0));

   // replace variable in node with a connective:

   destroy_element(&node -> content);

   emt = create_element(CONNECTIVE, first_conn);

   insert_element(node, emt);

   return (T);

}

void search (void)   {

// searches trees in pre-specified forms

   int i,j;

   char prefix[MAX_STRING_SIZE];

   tree_node *tree;

   int set[4] = {7,13,14,11};

   int set_size = 4;

   char fname[MAX_STRING_SIZE];

   variable_sequence_list *sequence_list;

   int var_amt;

   int tree_type;

   tree_amt = 0;

   tautology_amt = 0;

   tree_type = 1;

   var_amt = 3;

   sequence_list = create_variable_sequence_list(var_amt);

   printf("variable sequence list:\n");

   for (i = 0; i < sequence_list -> size; i++) {

      for (j = 0; j < var_amt; j++)

         printf(" %d", sequence_list -> sequences[i][j]);

      NL

   }

   for (i = 0; i < sequence_list -> size; i++) {

      switch (tree_type) {

         // 2 variables:

         case 0: {

            sprintf (prefix,"C%d.P%d.P%d.",set[0],

            sequence_list->sequences[i][0],sequence_list->sequences[i][1]);

         }

         // 3 variables:

         case 1: {

            sprintf (prefix,"C%d.C%d.P%d.P%d.P%d.",set[0],set[0],

            sequence_list->sequences[i][0],
               sequence_list->sequences[i][1],sequence_list->sequences[i][2]);

            break;

         }

         // 4 variables, alternating branches:

         case 2: {

            sprintf (prefix,"C%d.C%d.P%d.C%d.P%d.P%d.P%d.",set[0],set[0],

            sequence_list->sequences[i][0],set[0],sequence_list->sequences[i][1],

            sequence_list->sequences[i][2],sequence_list->sequences[i][3]);

         }

         // 5 variables, alternating branches:

         case 3: {

            sprintf (prefix,"C%d.C%d.P%d.C%d.C%d.P%d.P%d.P%d.P%d.",set[0],set[0],

            sequence_list->sequences[i][0],set[0],set[0],
               sequence_list->sequences[i][1],

            sequence_list->sequences[i][2],sequence_list->sequences[i][3],

            sequence_list->sequences[i][4]);

         }

         // balanced tree, 3 connectives, 4 variables:

         case 4: {

            sprintf (prefix,"C%d.C%d.P%d.P%d.C%d.P%d.P%d.",set[0],set[0],

            sequence_list->sequences[i][0],sequence_list->sequences[i][1],

            set[0], sequence_list->sequences[i][2],sequence_list->sequences[i][3] );

         }

         // 3 connectives, 4 variables:

         case 5: {

            sprintf (prefix,"C%d.C%d.C%d.P%d.P%d.P%d.P%d.",set[0],set[0],set[0],

            sequence_list->sequences[i][0],sequence_list->sequences[i][1],

            sequence_list->sequences[i][2],sequence_list->sequences[i][3] );

         }

         // 4 connectives, 5 variables, left branch only:

         case 6: {

            sprintf (prefix,"C%d.C%d.C%d.C%d.P%d.P%d.P%d.P%d.P%d.",set[0],set[0],set[0],set[0],

            sequence_list->sequences[i][0],sequence_list->sequences[i][1],

            sequence_list->sequences[i][2],sequence_list->sequences[i][3],

            sequence_list->sequences[i][4] );

         }

         // 5 variables:

         case 7: {

            sprintf (prefix,"C%d.C%d.C%d.P%d.P%d.P%d.C%d.P%d.P%d.",set[0],set[0],set[0],

            sequence_list->sequences[i][0],sequence_list->sequences[i][1],

            sequence_list->sequences[i][2],set[0],sequence_list->sequences[i][3],

            sequence_list->sequences[i][4] );

         }

         // 5 connectives, 6 variables, left branch only:

         case 8: {

            sprintf (prefix,"C%d.C%d.C%d.C%d.C%d.P0.P1.P1.P1.P1.P0.",set[0],set[0],set[0],set[0],set[0]);

         }

         // 6 connectives, 7 variables, left branch only:

         case 9: {

            sprintf (prefix,"C%d.C%d.C%d.C%d.C%d.C%d.P0.P1.P1.P1.P1.P1.P0.",set[0],set[0],set[0],set[0],set[0],set[0]);

            sprintf (prefix,"C13.C14.C13.C14.C13.C14.P0.P1.P1.P1.P1.P1.P0.");

         }

         // 4 connectives, 5 variables:

         case 10: {

            sprintf (prefix,"C%d.C%d.C%d.P%d.P%d.P%d.C%d.P%d.P%d.",set[0],set[0],set[0],

            sequence_list->sequences[i][0],
               sequence_list->sequences[i][1],sequence_list->sequences[i][2],set[0],

            sequence_list->sequences[i][3],sequence_list->sequences[i][4]);

         }

      } // switch

      printf("initial tree: %s",prefix);

      tree = create_tree_from_prefix(prefix);

      sprintf(fname,"./images/tree-%d.png",i);

      exhaustive_search (tree, set, set_size, fname);    

   }

   free(sequence_list);

}

void exhaustive_search (tree_node *tree, int set[], int set_size, char *fname) {

   surface *s;

   node_list *nd_list;

   nd_list = create_node_list(tree);

   next(tree, nd_list, set, set_size,s);

   free(nd_list);

   destroy_tree(tree);

}

void next (tree_node *node, node_list *list, int set[], int set_size, surface *s) {

   int i,j;

   int current_node;

   int current_connective;

   node_data *nd;

   int *word;

   MALLOC(word, MAX_NODES * sizeof(int));

   // get current position in node list:

   current_node = list -> size;

   for (i = 0; i < list -> size; i++) 

      if (node == list -> nodes[i])

         current_node = i;

   if (current_node == list -> size)

      DIE("next: match not found in node list.");

   // get connective position in set list:

   current_connective = set_size;

   for (i = 0; i < set_size; i++)

      if ( element_as_int (node -> content) == set[i] )

         current_connective = i;

   if (current_connective == set_size)

      DIE("next: match not found in connective set.");

   // if there is a node below in the node list, transform it first

   // else transform this one

   while (current_connective < set_size) {

      if ((current_node + 1) < (list -> size)) 

         next (list -> nodes[current_node + 1], list, set, set_size,s);

      else {

         nd = create_node_data(list -> nodes[0]);

         tree_amt++;

         if (nd -> class != TAUTOLOGY) {

            tautology_amt++;

            if (!(tautology_amt % 10000))

               printf("%d tautologies of %d trees and counting...\n", tautology_amt,tree_amt);

            tree_to_word (list -> nodes[0],word);

            // calculate total amount of I,R1,R2,R3 word pairs:

            for (j = 1; j < MAX_NODES && word[j] != -1; j++)

               word_count[ word[j] ]++;

            // count connectives:

            count_nodes(list -> nodes[0]);

         }

         destroy_node_data(nd);

      }

      current_connective++;

      if (current_connective < set_size)

         set_connective(node -> content,set[current_connective]);

   }

   set_connective(node -> content,set[0]);

   free(word);

} // next

variable_sequence_list * create_variable_sequence_list (int var_amt) {

   int i,j;

   int row, col;

   boolean all_max; // true if each variable id in sequence is maximum value

   int max_var_id;

   int sequence[MAX_LEAFS];

   boolean exclude; // if true, exclude variable combination from list

   variable_sequence_list *list;

   MALLOC(list, sizeof(variable_sequence_list));

   list -> size = 0;

   for (i = 0; i < MAX_SEQUENCES; i++)

      for (j = 0; j < MAX_LEAFS; j++)

         list -> sequences[i][j] = 0;

   row = 0;

   all_max = F;

   while (!all_max) {

      all_max = T;

      for (col = 0; col < var_amt; col++) {

         sequence[col] =  ( row / my_pow(var_amt,(var_amt - col - 1))) % var_amt;

         if (sequence[col] < (var_amt - 1))

            all_max = F;

      }

      max_var_id = -1;

      exclude = F;

      for (col = 0; col < var_amt; col++) {

         if (sequence[col] > (max_var_id + 1))

            exclude = T;

         else 

            if (sequence[col] > max_var_id)

               max_var_id = sequence[col];

      }

      if (!exclude) {

         for (col = 0; col < var_amt; col++)

            list -> sequences[list -> size][col] = sequence[col];

         list -> size++;

         if (list -> size >= MAX_SEQUENCES)

            DIE("create_variable_sequence_list: maximum size exceeded.");

      }      

      row++;

   } // while (!all_max)

   return (list);

}

boolean is_reducible (tree_node *tree, surface *s) {

   int i,j;

   int set_size = 16;

   int set[16] = {0,15,1,2,3,4,5,6,7,8,9,10,11,12,13,14};

   //int var_set[32] = { 0,0, 0,1, 0,2, 0,3, 1,0, 1,1, 1,2, 1,3, 2,0, 2,1, 2,2, 2,3, 3,0, 3,1, 3,2, 3,3 };

   //int var_set_amt = 32;

   //int var_set[24] = { 0,1, 0,2, 0,3, 1,0, 1,2, 1,3, 2,0, 2,1, 2,3, 3,0, 3,1, 3,2 };

   //int var_set_amt = 24;

   int var_set[22] = { 0,0, 0,1, 0,2, 0,3, 1,1, 1,2, 1,3, 2,2, 2,3, 3,3, 3,2 };

   int var_set_amt = 22;

   char prefix[MAX_STRING_SIZE];

   tree_node *reduced_tree;

   tree_node *bi_tree; // biconditional tree

   node_data *nd;

   boolean reducible;

   boolean tautology;

   bi_tree = create_node();

   add_node_left (bi_tree, tree);  // placeholder for inserting connective

   add_node_right (bi_tree, tree); // placeholder for inserting connective

   insert_element (bi_tree, create_element(CONNECTIVE,9));

   reducible = F;

   tautology = F;

   for (i = 0; i < var_set_amt && !tautology; i += 2) {

      for (j = 0; j < set_size && !tautology; j++) {

         sprintf(prefix,"C%d.P%d.P%d.",set[j],var_set[i],var_set[i+1]);

         reduced_tree = create_tree_from_prefix(prefix);

         add_node_right (bi_tree, reduced_tree);

         nd = create_node_data(bi_tree);

         if (nd -> class == TAUTOLOGY) {

            reducible = T;

            draw_tree(reduced_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 3, s -> width/2);

            if (set[j] == 0 || set[j] == 15)

               tautology = T;

         }

         destroy_node_data(nd);

         destroy_tree(reduced_tree);

      }

   }

   return(reducible);

}

void test_group (void) {

   int i;

   tree_node * test_tree;

   tree_list * tautology_list;

   node_data *nd;

   surface * s;

   int tautologies;

   int contradictions;

   int orchard_size;

   orchard_size = 10000;

   tautologies = 0;

   contradictions = 0;

   tautology_list = create_tree_list();

   s = create_surface(500, MAX_SURFACE_HEIGHT);

   test_tree = create_node();

   for (i = 0; i < orchard_size; i++) {

      test_tree = create_random_tree(5,2);

      byte *permutation;

      permutation = D4[ random() % D4_SIZE ];

      transform_tree (test_tree -> left, permutation);

      permutation = D4[ random() % D4_SIZE ];

      transform_tree (test_tree -> right, permutation);

      print_tree (test_tree);

      nd = create_node_data (test_tree);

      print_node_data(nd);

      if (nd -> class == TAUTOLOGY) {

         printf(" * is tautology\n");

         tautologies++;

         add_tree_if_unique(tautology_list, test_tree);

         printf("tautology_list -> size: %d\n", tautology_list -> size);

      }

      if (nd -> class == CONTRADICTION) {

         printf(" * contradiction");

         contradictions++;

      }

      NL

   }

   for (i = 0; i < tautology_list -> size; i++) 

      if (s -> current_row < s -> height/1.3)

         draw_tree(tautology_list -> trees[i],&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   destroy_tree(test_tree);

   destroy_node_data(nd);

   NL

   printf("total trees: %d\n",orchard_size);

   printf("tautologies: %d. unique tautologies: %d.\n",tautologies,tautology_list -> size);

   free(tautology_list);

}

void test_uniform_group (void) {

   int i,j,k;

   tree_node * test_tree;

   tree_node * copied_tree;

   surface * s;

   int set;

   byte *permutations[100];

   int perm_amt;

   int match_max;

   int match_points;

   int group_emt_matches[D4_SIZE];

   boolean equal;

   int orchard_size;

   s = create_surface(700, MAX_SURFACE_HEIGHT);

   set = 16;

   orchard_size = 1000;

   for (i = 0; i < D4_SIZE; i++)

      group_emt_matches[i] = 0;

   match_points = 0;

   match_max = 0;

   perm_amt = (random() % 25 - 5) + 5;

   for (j = 0; j < perm_amt; j++)

      permutations[j] = D4[random() % D4_SIZE];

   for (i = 0; i < orchard_size; i++) {

      test_tree = create_random_tree(11,set);

      int equivalents = 0;

      for (j = 0; j < 1; j++) {

         copied_tree = copy_tree(test_tree);

         for (k = 0; k < perm_amt; k++)

            transform_tree (copied_tree, permutations[k]);

         if (same_tree(test_tree,copied_tree))

            continue;

         equal = trees_equivalent(test_tree, copied_tree);

         if (equal) {


    group_emt_matches[j]++;

            if (s -> current_row < s -> height/1.3)

               draw_tree(copied_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

            equivalents++;

         }

         destroy_tree(copied_tree);

      } // for j

      match_points += equivalents;

      if (equivalents >= match_max) {

         match_max = equivalents;

         if (match_max == D4_SIZE) {

            printf("* tree %d has %d match points!\n",i,D4_SIZE);

            //draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

         }

      }

      destroy_tree(test_tree);

   } // for i

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   printf(">match points: %d   match points -I: %d   match max: %d\n",

      match_points,match_points - orchard_size,match_max);

   for (i = 0; i < D4_SIZE; i++)

      printf(">group_emt_matches[%d]: %d\n",i,group_emt_matches[i]);

}

void transform_tree_nodes (int orchard_size) {

   int i,j;

   tree_node * test_tree;

   tree_node * copied_tree;

   tree_list * tautology_list;

   tree_list * contradiction_list;

   node_data *nd;

   surface * s;

   int tautologies;

   int contradictions;

   int set;

   byte *permutation;

   int match_points;

   int matches[8];

   tautologies = 0;

   contradictions = 0;

   tautology_list =     create_tree_list();

   contradiction_list = create_tree_list();

   s = create_surface(600, MAX_SURFACE_HEIGHT);

   set = 16;

   orchard_size = 400000;

   for (i = 0; i < 8; i++)

      matches[i] = 0;

   match_points = 0;

   for (i = 0; i < orchard_size; i++) {

      printf("tree: %d",i);

      test_tree = create_random_tree(11,set);

      nd = create_node_data (test_tree);

      if (nd -> class == CONTRADICTION) {

         printf(" * is contradiction\n");

         contradictions++;

      }

      if (nd -> class == TAUTOLOGY) {

         printf(" * is tautology\n");

         tautologies++;

         int equivalents = 0;

         for (j = 1; j < 8; j++) {

            copied_tree = copy_tree(test_tree);

            permutation = D4[j];

            transform_tree (copied_tree, permutation);

            nd = create_node_data (copied_tree);

            if (nd -> class == TAUTOLOGY) {


       matches[j]++;

               tautologies++;

               equivalents++;

            }

            destroy_tree(copied_tree);

            destroy_node_data(nd);

         }

         if (equivalents >= match_points) {

            match_points = equivalents;

            if (match_points == 7) {

               printf("* 7 match points:\n");

                 draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

            }

         }

      }

      NL

   }

   destroy_tree(test_tree);

   destroy_node_data(nd);

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   NL

   printf(">%30s   %8d    %4d     %4d      %4d       %4d\n",set_name,orchard_size,tautologies,tautology_list -> size,

      contradictions,contradiction_list -> size);

   printf(">match points: %d\n",match_points);

   for (i = 0; i < 8; i++)

      printf(">matches[%d]: %d\n",i,matches[i]);

}

void test_set (int set, int orchard_size) {

   int i;

   tree_node * test_tree;

   tree_list * tautology_list;

   tree_list * contradiction_list;

   node_data *nd;

   surface * s;

   int tautologies;

   int contradictions;

   tautologies = 0;

   contradictions = 0;

   tautology_list =     create_tree_list();

   contradiction_list = create_tree_list();

   s = create_surface(600, MAX_SURFACE_HEIGHT);

   for (i = 0; i < orchard_size; i++) {

      test_tree = create_random_tree(31,16);

      print_tree (test_tree);

      nd = create_node_data (test_tree);

      print_node_data(nd);

      if (nd -> class == TAUTOLOGY) {

         printf(" * is tautology\n");

         tautologies++;

         add_tree_if_unique(tautology_list, test_tree);

         printf("tautology_list -> size: %d\n", tautology_list -> size);

      }

      if (nd -> class == CONTRADICTION) {

         printf(" * is contradiction\n");

         contradictions++;

         add_tree_if_unique(contradiction_list, test_tree);

      }

      NL

   }

   for (i = 0; i < tautology_list -> size; i++) 

      if (s -> current_row < s -> height/1.3)

         draw_tree(tautology_list -> trees[i],&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   destroy_tree(test_tree);

   destroy_node_data(nd);

   NL

   printf(">%30s   %8d    %4d     %4d      %4d       %4d\n",set_name,orchard_size,tautologies,tautology_list -> size,

      contradictions,contradiction_list -> size);

   free(tautology_list);

   free(contradiction_list);

}

void test_permute_equiv (void) {

   int i;

   tree_node * test_tree;

   tree_node * orig_tree;

   tree_list * tautology_list;

   node_data *nd_orig;

   node_data *nd_new;

   surface * s;

   int tautologies;

   int contradictions;

   int orchard_size;

   orchard_size = 1000;

   tautologies = 0;

   contradictions = 0;

   tautology_list = create_tree_list();

   s = create_surface(500, MAX_SURFACE_HEIGHT);

   orig_tree = create_balanced_tree(4,1);

   set_connective(orig_tree->content,11);

   print_tree (orig_tree);

   nd_orig = create_node_data (orig_tree);

   print_node_data(nd_orig);

   for (i = 0; i < 8; i++) {

      test_tree = create_tree_from_prefix ("C11.C8.C11.P0.P1.P0.C3.P0.P2.");

      if (test_tree->left-> content->type == CONNECTIVE && 

          test_tree->right->content->type == CONNECTIVE)

         permute_equiv(test_tree,D4[i]);

      print_tree (test_tree);

      nd_new = create_node_data (test_tree);

      print_node_data(nd_new);

      if (s -> current_row < s -> height/2)

         draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

      NL

      if (nd_orig -> class != nd_new -> class)

         DIE("permute_equiv test: permuted tree doesn't match original.")

   }

   destroy_node_data(nd_new);

   cairo_draw_surface(s,"./tree.png");

   free(s);  

   destroy_tree(test_tree);

   NL

   printf("total trees: %d\n",orchard_size);

}

void generate (void) {

   int i;

   int orchard_size;

   int tree_size;

   int tautologies;

   int contradictions;

   tree_node *random_tree;

   node_data *nd;

   char * prefix;      

   surface * s;

   orchard_size = 1000;

   tautologies = 0;

   contradictions = 0;

   s = create_surface(400, MAX_SURFACE_HEIGHT);

   NL

   printf("generating orchard of %d trees:\n",orchard_size);

   for (i = 0; i < orchard_size; i++) {

      tree_size = (random() % 5) * 2 + 1;

      random_tree = create_random_tree (tree_size,14);

      prefix = create_prefix_from_tree(random_tree);

      printf("%d: %s",i,prefix);

      NL

      print_tree(random_tree);

      printf("tree height: %d\n",tree_height(random_tree, 0));

      NL

      nd = create_node_data (random_tree);

      if (nd -> class == TAUTOLOGY) {

         printf(" * tautology");

         print_node_data(nd);

         tautologies++;

         draw_tree(random_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

      }

      if (nd -> class == CONTRADICTION) {

         printf(" * contradiction");

         contradictions++;

      }

      NL

      destroy_tree(random_tree);

      free(prefix);

      destroy_node_data(nd);

   } // for i

   draw_surface(s);

   cairo_draw_surface(s,"./images/tree.png");

   free(s);  

   NL

   printf("total trees: %d\n",orchard_size);

   printf("tautologies: %d\ncontradictions: %d.\n",tautologies,contradictions);

   NL

}

void draw_trees (void) {

   tree_node * test_tree;

   surface *s;

   s = create_surface(700, MAX_SURFACE_HEIGHT);

   // sample linear tree:

   test_tree = create_tree_from_prefix("C1.C7.C9.C14.C8.C5.P3.P1.P4.P3.P2.P5.P0."); 

   draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   // sample linear tree:

   test_tree = create_tree_from_prefix("C13.C14.C8.P0.P1.P2.P2.P1.");

   draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   // sample linear tautology:

   test_tree = create_tree_from_prefix("C13.C14.C13.C14.C13.P0.P1.P4.P3.P2.P0."); // tautology

   draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   // symmetric tree:  

   test_tree = create_tree_from_prefix("C7.C7.P0.P1.C11.P1.P2.");

   draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   test_tree = create_tree_from_prefix("C11.C2.P0.P1.Ce.Cd.P2.P1.P3.");

   draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   reflect_tree (test_tree);

   draw_tree(test_tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   cairo_draw_surface(s,"./images/tree.png");

   free(s);  

}

void test_tree (void) {

   int i;

   tree_node * test_tree;

   node_data * test_tree_data;

   boolean correct[8] = {T,T,T,F,T,F,T,F};

   test_tree = create_tree_from_prefix("C11.C7.P0.P1.C12.P2.P0.");

   test_tree_data = create_node_data (test_tree);

   for (i = 0; i < 8; i++) {

      if ( test_tree_data -> eval_col[i] != correct[i] )

         DIE("test_tree failure: truth values don't match.");

   }

   printf("Test tree passes!\n");

}

void print_word (int *word) {

   int i;

   printf("word: ");

   for (i = 1; i < MAX_NODES && word[i] != -1; i++)

      printf("%d.",word[i]);

   NL

}

void count_tree_words (void) {

   int i;

   int size;

   int amount;

   double count[WORD_GROUP_AMT];

   amount = 1000000;

   printf("Tree amount: %d\n",amount);

   for (size = 13; size < 23; size += 2) {

      NL

      for (i = 0; i < WORD_GROUP_AMT; i++)

         count[i] = 0.0;

      printf("%d     ",size);

      count_words(size, 2, amount, count);

      for (i = 0; i < WORD_GROUP_AMT; i++)

         printf("%f     ",count[i]);

      printf("     %f\n",count[0]/count[2]);

      fflush(stdout);

   }

}

void count_words (int size, int set, int amount, double *count) {

   int i,j;

   tree_node * random_tree;

   node_data * nd;

   int total_trees;

   int *word;

   MALLOC(word, MAX_NODES * sizeof(int));

   srandom(1);

   total_trees = 0;

   for (i = 0; i < amount; i++) {

      random_tree = create_random_tree(size,set); 

      nd = create_node_data(random_tree);

      if (nd -> class == TAUTOLOGY) {

         total_trees++;

         tree_to_word (random_tree,word);

         // calculate average amount of I,R1,R2,R3, using count:

         for (j = 1; j < MAX_NODES && word[j] != -1; j++)

            count[ word[j] ]++;

      }

      destroy_tree(random_tree);

      destroy_node_data(nd);

   }

   printf("total trees: %d\n",total_trees);

   // calculate mean:

   for (j = 0; j < WORD_GROUP_AMT; j++)

      count[j] /= total_trees;

   free(word);

}

void tree_to_word (tree_node *root, int *word) {

   int i,j,k;

   node_list *list;

   tree_node *node;

   int parent_id; // index of parent node of current node in node list

   int index;

   boolean match;

   for (i = 0; i < MAX_NODES; i++)

      word[i] = -1;

   word[0] = 0;

   list = create_node_list (root);

   index = 0;

   for (i = 1; i < list -> size; i++) {

      // find parent node (k):

      for (k = 0; k < list -> size; k++)

         if (list->nodes[k]->left == list->nodes[i] || list->nodes[k]->right == list->nodes[i])

             parent_id = k;

      match = F;

      for (j = 0; !match && j < D4_SIZE; j++) {

         node = copy_node(list -> nodes[parent_id]);

         permute (node -> content, D4[j]);         

         if (element_as_int(node -> content) == element_as_int(list -> nodes[i] -> content)) {

            index++;

            word[index] = j;

            match = T;

         }

         destroy_tree (node);

      }

   }

   free(list);

}

void guess_tautology (int tree_size) {

// uses OR/NAND ratio and parent-child pair ratios to classify 

// possible tautologies.

   int i,j;

   tree_node * random_tree;

   node_data * nd;

   int amount;

   int or, nand, conditional, reverse;

   boolean guess;

   int right, wrong;

   int *word;

   int total_tautologies;

   int totals[4];

   double ratio_total;

   MALLOC(word, MAX_NODES * sizeof(int));

   for (i = 0; i < 4; i++)

      totals[i] = 0;

   amount = 1000000;

   total_tautologies = 0;

   right = 0;

   wrong = 0;

   ratio_total = 0;

   for (i = 0; i < amount; i++) {

      random_tree = create_random_tree(tree_size,2); 

      nd = create_node_data(random_tree);

      for (j = 0; j < CONNECTIVE_AMT; j++)

         connective_count[j] = 0;

      count_nodes(random_tree);

      or = connective_count[14];

      nand = connective_count[7];

      conditional = connective_count[11];

      reverse = connective_count[13];

      for (j = 0; j < WORD_GROUP_AMT; j++)

         word_count[j] = 0.0;

      tree_to_word (random_tree,word);

      for (j = 1; j < MAX_NODES && word[j] != -1; j++)

         word_count[ word[j] ]++;

      node_list * nodelist;

      nodelist = create_node_list (random_tree);

      double or_ratio = (double)or/(double)nand;

      double word_ratio = (double)word_count[0]/(double)word_count[2];

      if (nand > 0 && word_count[2] > 0 && or_ratio > min_or && word_ratio > min_word)

         guess = T;

      else 

         guess = F;

      if (nd -> class == TAUTOLOGY) 

         total_tautologies++;

      if (guess) {

         if (nd -> class == TAUTOLOGY) {

            right++;

         }

         if (nd -> class != TAUTOLOGY) {

            wrong++;

         }

      }

      destroy_tree(random_tree);

      destroy_node_data(nd);

      free(nodelist);

   }

   printf("%3d   %6d   %6d   %6d   %6d",tree_size,total_tautologies,right + wrong, right, wrong);

   if (right > wrong)

      printf("   *");

   NL

   fflush(stdout);

   if (wrong >= right)

      majority = 0;

   sleep(60); // cool down

}

void test_linear_tree (void) {

   int i,j;

   tree_node *tree;

   variable_sequence_list *sequence_list;

   char prefix[MAX_STRING_SIZE];

   int var_amt;

   node_data *nd;

   leaf_list *list;

   int tree_type;

   var_amt = 8;

   sequence_list = create_variable_sequence_list(var_amt);

   tree_type = 2;

   for (i = 0; i < sequence_list -> size; i++) {

      switch (tree_type) {

         case 0: {

            sprintf (prefix,"C13.C14.C13.P%d.P%d.P%d.P%d.",

            sequence_list->sequences[i][0], sequence_list->sequences[i][1], 

            sequence_list->sequences[i][2], sequence_list->sequences[i][3]);

         }

         case 1: {

            sprintf (prefix,"C13.C14.C13.C14.P%d.P%d.P%d.P%d.P%d.",

            sequence_list->sequences[i][0], sequence_list->sequences[i][1], sequence_list->sequences[i][2],

            sequence_list->sequences[i][3], sequence_list->sequences[i][4]);

         }

         case 2: {

            sprintf (prefix,"C13.C14.C13.C14.C13.P%d.P%d.P%d.P%d.P%d.P%d.",

            sequence_list->sequences[i][0], sequence_list->sequences[i][1], sequence_list->sequences[i][2],

            sequence_list->sequences[i][3], sequence_list->sequences[i][4], sequence_list->sequences[i][5]);

         }

         case 3: {

            sprintf (prefix,"C13.C14.C13.C14.C13.C14.P%d.P%d.P%d.P%d.P%d.P%d.P%d.",

            sequence_list->sequences[i][0], sequence_list->sequences[i][1], sequence_list->sequences[i][2],

            sequence_list->sequences[i][3], sequence_list->sequences[i][4], sequence_list->sequences[i][5],

            sequence_list->sequences[i][6]);

         }

         case 4: {

            sprintf (prefix,"C13.C14.C13.C14.C13.C14.C13.P%d.P%d.P%d.P%d.P%d.P%d.P%d.P%d.",

            sequence_list->sequences[i][0], sequence_list->sequences[i][1], sequence_list->sequences[i][2],

            sequence_list->sequences[i][3], sequence_list->sequences[i][4], sequence_list->sequences[i][5],

            sequence_list->sequences[i][6], sequence_list->sequences[i][7]);

         }

      } // switch

      printf("%s\n",prefix);

      tree = create_tree_from_prefix(prefix);

      nd = create_node_data(tree);

      list = create_leaf_list(tree);

      for (j = 0; j < list -> size; j++)

         printf("leaf[%d]: %d\n",j,element_as_int(list -> leafs[j] -> content));

      if ( element_as_int(list -> leafs[0] -> content) == 

           element_as_int(list -> leafs[list -> size - 1] -> content)) {

         if (nd -> class != TAUTOLOGY)

            DIE("* not tautology!")

         else

            printf("is tautology.\n");

      }

      destroy_node_data(nd);

      printf("new:\n");

   }

}

void deduction (void) {

   tree_node *tree;

   node_data *nd;

   surface * s;

   s = create_surface(600, MAX_SURFACE_HEIGHT);

   // initial:

   tree = create_tree_from_prefix("C11.C1.C7.P3.P4.C11.P2.C14.P1.P0.P0.");

   // negate right variable:

   tree->right->content->negated = T; 

   draw_tree(tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   // step 1:

   permute_equiv(tree,FH);

   draw_tree(tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   // step 2:

   permute_equiv(tree,R2);

   draw_tree(tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   // step 3:

   reflect_tree(tree);

   draw_tree(tree,&s, s -> width/2, s -> current_row + ELEMENT_WIDTH * 4, s -> width/2);

   print_tree(tree);

   nd = create_node_data (tree);

   print_node_data(nd);

   if (nd->class == TAUTOLOGY)

      printf("is tautology.\n");

   cairo_draw_surface(s,"./images/tree.png");

   free(s);  

}

void variable_list_test (void) {

   variable_sequence_list *sequence_list;

   int var_amt;

   for (var_amt = 1; var_amt < 15; var_amt++) {

      sequence_list = create_variable_sequence_list(var_amt);

      printf("variables: %d   list size: %d\n",var_amt, sequence_list -> size);

      free(sequence_list);

   }

}

/*

 * File:    tree.c

 * Project: Master's Thesis

 * Author:  Anthony Pasqualoni

 * Adviser: Dr. Hrvoje Podnar

 * Date:    March 1, 2007

*/

tree_node * create_node (void) {

   tree_node * new_node;

   MALLOC(new_node, sizeof(tree_node));

   new_node -> content = NULL;

   new_node -> left = NULL;

   new_node -> right = NULL;

   return(new_node);

}

void add_node_left (tree_node * node, tree_node * new_node) {

   node -> left = new_node;

}

void add_node_right (tree_node * node, tree_node * new_node) {

   node -> right = new_node;

}

boolean eval_node (tree_node *node) {

// evaluate tree node and return its truth value

   boolean left, right;

   boolean tfvalue;

   node_element * emt;

   byte quadrant;

   if (node -> content == NULL)

      DIE("cannot evaluate node: node content is null.");

   // set emt to the current node's element:

   emt = node -> content;

   // the emt is a connective, get truth value of left and right nodes and 

   // determine truth value of the connective:

   if (emt -> type == CONNECTIVE) {

      // recursively fetch truth values of left and right nodes:

      left = eval_node (node -> left);

      right = eval_node (node -> right);

      if (!is_boolean(left) || !is_boolean(right))

         DIE("left or right to connective not boolean.");

      // return connective T/F value:

      if ((left == T) && (right == T)) 

         quadrant = 0;

      if ((left == T) && (right == F)) 

         quadrant = 1;

      if ((left == F) && (right == T)) 

         quadrant = 2;

      if ((left == F) && (right == F)) 

         quadrant = 3;

      tfvalue = emt -> id.x_frame[quadrant];

      return ( tfvalue );

   }

   // if emt is a variable, return the variable's truth value:

   tfvalue = ( P[emt -> id.variable_id] );

   if (emt -> negated == T) {

      if (tfvalue == T)

         tfvalue = F;

      else

         tfvalue = T;

   }

   return ( tfvalue );

}

void print_node (tree_node * node) {

   node_element *emt;

   printf("node %p: content: %p ", node, node -> content);

   if (node -> content == NULL)

      return;

   emt = node -> content;

   if (emt -> type == CONNECTIVE) {

      // print connective:

      printf ("[c:");

      print_element(emt);

      printf ("] ");

   }

   else {

      // print variable value:

      printf ("[v:");

      print_element(emt);

      printf ("] ");

   }

   printf(" %2d ",element_as_int(emt));

   printf(" ");

   printf("left: %9p right: %9p\n", node -> left, node -> right);

}

void print_tree (tree_node * node) {

// print tree in ASCII to standard output

   int x,y;

   symbol_field * field;

   MALLOC(field, sizeof(symbol_field));

   field -> height = 10;

   field -> width = 100;

   for (y = 0; y < field -> height; y++)

      for (x = 0; x < field -> width; x++)

         field -> symbol[y][x] = '.';

   print_tree_node (node,0,field -> width/2,field);

   for (y = 0; y < field -> height; y++) {

      printf("%d: ",y);

      for (x = 0; x < field -> width; x++)

         printf("%c",field -> symbol[y][x]);

      NL

   }

}

void print_tree_node (tree_node * node, int y, int x, symbol_field * field) {

// print node data

   char digits[MAX_VARIABLE_DIGITS + 1];  // + 1 for null

   int shift;

   int i;

   if (node) {

      if (node -> content -> type == CONNECTIVE) {

         sprintf(digits,"%0x",element_as_int(node -> content)); 

         // print '*' if there is overlap:

         if (field -> symbol[y][x] == '.')

            field -> symbol[y][x] = digits[0];

         else 

            field -> symbol[y][x] = '*';

      }

      else {

         sprintf(digits,"%0x",node -> content -> id.variable_id);

         i = 0;

         while (digits[i]) {

            if (field -> symbol[y][x] == '.')

               field -> symbol[y][x] = digits[i];

            else

               field -> symbol[y][x] = '*';

            x++;

            i++;

         }

      }

      y++;

      if (y > 10) {

         printf("max tree height exceeded.");

         return;

      }

      shift = 28/y - 4;

      print_tree_node (node -> left, y,x - shift,field);

      print_tree_node (node -> right,y,x + shift,field);

   }

}

tree_list * create_tree_list (void) {

   int i;

   tree_list * list;

   MALLOC(list, sizeof(tree_list));

   list -> size = 0;

   for (i = 0; i < MAX_TREES; i++)

      list -> trees[i] = NULL;

   return(list);

}

boolean add_tree_if_unique (tree_list * list, tree_node * node) {

// returns true if tree is unique and added to list.

   int i;

   for (i = 0; i < list -> size; i++)

      if (same_tree(list->trees[i], node))

         return (F);

   if (list -> size == MAX_TREES)

      DIE("cannot add tree to list: list size exceeded.");

   list -> trees[ list -> size] = node;

   list -> size++;

   return(T);

}

void get_leafs (tree_node * node, leaf_list *list) {

   if (node) {

      if ((node -> left == NULL) && (node -> right == NULL)) {

         list -> leafs[list -> size] = node;

         (list -> size)++;

      } else {

         get_leafs (node -> left,list);

         get_leafs (node -> right,list);

      }

   }

}

leaf_list * create_leaf_list (tree_node * node) {

   int i;

   leaf_list * list;

   MALLOC(list, sizeof(leaf_list));

   list -> size = 0;

   for (i = 0; i < MAX_LEAFS; i++)

      list -> leafs[i] = NULL;

   get_leafs(node,list);

   #if 0

   printf("create_leaf_list: node: %p leafs: %d\n",node,list -> size);

   for (i = 0; i < list -> size; i++) {

         print_node(list -> leafs[i]);

   }

   #endif

   return(list);

}

void count_nodes (tree_node * node) {

   if (node) {

      if (node -> content -> type == CONNECTIVE) {

         connective_count[ element_as_int(node->content) ]++;

         count_nodes (node -> left);

         count_nodes (node -> right);

      }

   }

}

void count_equal_nands (tree_node * node) {

   if (node) {

      if (node -> content -> type == CONNECTIVE && element_as_int(node -> content) == 7) {

         //if (same_tree(node -> left, node -> right))

         if (element_as_int (node->left->content) == element_as_int (node->right->content))

            equal_nand_amt++;

      }

      count_equal_nands (node -> left);

      count_equal_nands (node -> right);

   }

}

void get_nodes (tree_node * node, node_list *list) {

   if (node) {

      if (node -> content -> type == CONNECTIVE) {

         list -> nodes[list -> size] = node;

         (list -> size)++;

         get_nodes (node -> left,list);

         get_nodes (node -> right,list);

      }

   }

}

node_list * create_node_list (tree_node * node) {

// returns list of connectives in tree

   int i;

   node_list * list;

   MALLOC(list, sizeof(node_list));

   list -> size = 0;

   for (i = 0; i < MAX_NODES; i++)

      list -> nodes[i] = NULL;

   get_nodes(node,list);

   #if 0

   printf("create_node_list: node: %p nodes: %d\n",node,list -> size);

   for (i = 0; i < list -> size; i++) {

         print_node(list -> nodes[i]);

   }

   #endif

   return(list);

}

variable_list * create_variable_list (tree_node * node) {

   int i,j;

   boolean duplicate;

   variable_list * p_variable_list;

   leaf_list * p_leaf_list;

   MALLOC(p_variable_list, sizeof(variable_list));

   p_variable_list -> size = 0;

   for (i = 0; i < MAX_VARIABLES; i++)

      p_variable_list -> variables[i] = NULL_VARIABLE_ID;

   p_leaf_list = create_leaf_list(node);

   for (i = 0; i < p_leaf_list -> size; i++) {

      // check for duplicate variables:

      duplicate = F;

      for (j = 0; j < p_variable_list -> size; j++)

         if (p_variable_list -> variables[j] == (p_leaf_list -> leafs[i]) -> content -> id.variable_id)

            duplicate = T;

      if (!duplicate) {

         p_variable_list -> variables[p_variable_list -> size] = (p_leaf_list -> leafs[i]) -> content -> id.variable_id;

         (p_variable_list -> size)++;

      }

   }

   free(p_leaf_list);

   return (p_variable_list);

}

tree_node * create_random_tree (int node_amt, int set) {

// create a random tree with node_amt nodes using connectives defined by set id

   tree_node * node;

   leaf_list * list;

   tree_node * random_leaf;

   node_element * emt;

   // if tree not viable, print error and exit:

   if (!(node_amt % 2))

      DIE("cannot create tree: node_amt not odd.");

   // if zero nodes remain, return without expanding tree:

   if (!node_amt)

      return(NULL);

   // create new node and insert random variable:

   node = create_node();

   insert_element(node, create_element(VARIABLE, random() % MAX_VARIABLES));

   node_amt--;

   // if nodes are remaining, add new node:

   while (node_amt > 1) {

      list = create_leaf_list(node);

      // randomly determine leaf to expand:

      if (list -> size)

         random_leaf = ( list -> leafs[random() % list -> size] );

      else

         DIE("create_random_tree: node has no leafs.\n");

      // randomly generate 2 variables:

      int var_a, var_b;

      var_a = random() % MAX_VARIABLES;

      var_b = random() % MAX_VARIABLES;

      // add new variables to leaf:

      add_node_left (random_leaf, create_node());

      insert_element(random_leaf -> left, create_element(VARIABLE, var_a));

      add_node_right (random_leaf, create_node());

      insert_element(random_leaf -> right, create_element(VARIABLE, var_b));

      // replace variable in node with a random connective:

      destroy_element(&random_leaf -> content);

      emt = create_element(CONNECTIVE, random_connective(set) );

      insert_element(random_leaf, emt);

      // adjust node_amt and destroy list:

      node_amt -= 2;

      free(list);

   }

   // re-define variables so that they are in numerical order:

   smooth_variables(node);

   return (node);

}

void grow_node (tree_node *node, int depth, int set) {

   node_element *emt;

   int var_a;

   depth--;

   if (depth) {

      add_node_left (node, create_node());

      add_node_right (node, create_node());

      emt = create_element(CONNECTIVE, random_connective(set) );

      insert_element(node, emt);

      grow_node (node -> left,  depth, set);

      grow_node (node -> right, depth, set);

   } else {

      var_a = random() % MAX_VARIABLES;

      insert_element(node, create_element(VARIABLE, var_a));

   }

}

tree_node * create_balanced_tree (int height, int set) {

   tree_node * node;

   if (height == 0)

      DIE ("invalid tree height.");

   node = create_node();

   grow_node (node, height, set);

   smooth_variables(node);

   return (node);

}

int random_connective (int set) {

   strcpy(set_name,"unspecified");

   switch(set) {

      case 0: {

         strcpy (set_name,"complete set");

         int set[16] = {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15};

         return ( set[random() % 16] );

      }

      case 1: {

         strcpy (set_name,"connectives 1-14");

         int set[14] = {1,2,3,4,5,6,7,8,9,10,11,12,13,14};

         return ( set[random() % 14] );

      }

      case 2: {

         strcpy (set_name,"lattice top row");

         int set[4] = {7,13,14,11};

         return ( set[random() % 4] );

      }

      case 3: { 

         strcpy (set_name,"lattice middle row");

         int set[6] = {12,10,9,6,5,3};

         return ( set[random() % 6] );

      }

      case 4: {

         strcpy (set_name,"lattice bottom row");

         int set[4] = {8,2,1,4};

         return ( set[random() % 4] );

      }

      case 5: {

         strcpy (set_name,"lattice f7 meet f11 = f3");

         int set[3] = {14,13,12};

         return ( set[random() % 3] );

      }

      case 6: {

         strcpy (set_name,"lattice f11 meet f13 = f9");

         int set[3] = {13,11,9};

         return ( set[random() % 3] );

      }

      case 7: {

         strcpy (set_name,"lattice f13 meet f14 = f12");

         int set[3] = {11,7,3};

         return ( set[random() % 3] );

      }

      case 8: {

         strcpy (set_name,"lattice f7 meet f14 = f6");

         int set[3] = {13,7,6};

         return ( set[random() % 3] );

      }

      case 9: {

         strcpy (set_name,"lattice f7 meet f13 = f5");

         int set[3] = {14,11,10};

         return ( set[random() % 3] );

      }

      case 10: {

         strcpy (set_name,"conditional only");

         return (11);

      }

      case 11: {

         strcpy (set_name,"or only");

         return ( 14 );

      }

      case 12: {

         strcpy (set_name,"nand only");

         return ( 7 );

      }

      case 13: {

         strcpy (set_name,"not conditional");

         return ( 13 );

      }

      case 14: {

         strcpy (set_name,"lattice top + bot rows");

         int set[8] = {8,2,1,4,7,13,14,11};

         return ( set[random() % 8] );

      }

      case 15: {

         strcpy (set_name,"horiz. symmetry");

         int set[6] = {14,7,8,1,6,9};

         return ( set[random() % 6] );

      }

      case 16: {

         strcpy (set_name,"lattice top + bot rows");

         int set[8] = {8,2,1,4,7,13,14,11};

         return ( set[random() % 8] );

      }

      case 17: {

         strcpy (set_name,"meet and join");

         int set[5] = {14,7,6,4,2};

         return ( set[random() % 5] );

      }

      case 18: {

         strcpy (set_name,"top bot rows + equiv. + ~equiv.");

         int set[10] = {8,2,1,4,7,13,14,11,9,6};

         return ( set[random() % 10] );

      }

      case 19: {

         strcpy (set_name,"I,R2");

         int set[2] = {7,14};

         return ( set[random() % 2] );

      }

      case 20: {

         strcpy (set_name,"I");

         int set[1] = {7};

         return ( set[random() % 1] );

      }

   } // switch

   return (0);

}

tree_node * copy_tree (tree_node * node) {

   tree_node *new_node;

   if (node != NULL) {

      new_node = create_node();

      new_node->left = copy_tree(node->left);

      new_node->right = copy_tree(node->right);

      insert_element(new_node, create_element(node->content->type, element_as_int(node->content)));

      return (new_node);

   }

   return(NULL);   

}

tree_node * copy_node (tree_node * node) {

   tree_node *new_node;

   tree_node *dummy_a,*dummy_b;

   if (node != NULL) {

      new_node = create_node();

      // left and right are dummy values; only node content is copied:

      dummy_a = create_node();

      insert_element (dummy_a, create_element(VARIABLE,0));

      add_node_left  (new_node,dummy_a);

      dummy_b = create_node();

      insert_element (dummy_b, create_element(VARIABLE,0));

      add_node_right (new_node,dummy_b);

      insert_element(new_node, create_element(node->content->type, element_as_int(node->content)));

      return (new_node);

   }

   return(NULL);   

}

void randomize_connectives(tree_node * node, int set) {

   if (node->content->type == CONNECTIVE) {

      set_connective(node->content, random_connective(set));

      randomize_connectives(node->left,set);

      randomize_connectives(node->right,set);

   }

}

void destroy_tree (tree_node * node) {

// frees some of a tree's memory allocation.

   if (node == NULL)

      DIE("destroy_tree: cannot free null pointer");

   if (node -> left)

      destroy_tree (node -> left);

   if (node -> right)

      destroy_tree (node -> right);

   free (node -> content);

   free (node);

}

node_data * create_node_data (tree_node * node) {

   int col;

   int row;

   int var_amt;

   node_data *nd;

   variable_list *vlist;

   int truths;

   MALLOC(nd, sizeof(node_data));

   assert(node);

   nd -> node = node;

   vlist = create_variable_list(node);

   nd -> var_list = vlist;

   var_amt = vlist -> size;

   nd -> col_amt =  (vlist -> size) + 1; // +1 for t/f value of node

   nd -> row_amt =  my_pow(2, vlist -> size );

   for (row = 0; row < nd -> row_amt; row++) {

      for (col = 0; col < var_amt; col++) {

          nd -> truth_table[row][col] =  ( row / my_pow(2,(var_amt - col - 1)) + 1) % 2;

          P[vlist -> variables[col]] = nd -> truth_table[row][col];

      }

      nd -> truth_table[row][col] = eval_node(nd -> node);

   }

   nd -> eval_col = create_eval_list (nd);

   truths = 0;

   for (row = 0; row < nd -> row_amt; row++) 

      if (nd -> eval_col[row] == T)

         truths++;

   if (truths == nd -> row_amt) 

      nd -> class = TAUTOLOGY;

   else 

      if (truths == 0) 

         nd -> class = CONTRADICTION;

      else 

         nd -> class = CONTINGENT;

   return (nd);

} // create_node_data

boolean trees_equivalent (tree_node *tree_a, tree_node *tree_b) {

   node_data *nd_a;

   node_data *nd_b;

   boolean equiv;

   int i;

   if (tree_a == NULL || tree_b == NULL)

      DIE("trees_equivalent: a tree is null, cannot compare.");

   nd_a = create_node_data(tree_a);

   nd_b = create_node_data(tree_b);

   if (nd_a -> row_amt != nd_b -> row_amt)   

      equiv = F;

   else {

      equiv = T;

      for (i = 0; i < nd_a -> row_amt; i++)

         if (nd_a -> eval_col[i] != nd_b -> eval_col[i])

            equiv = F;

   }   

   destroy_node_data(nd_a);

   destroy_node_data(nd_b);

   return (equiv);

} // trees_equivalent

void destroy_node_data (node_data *nd) {

   if (nd == NULL)

      DIE("destroy_node_data: cannot free null pointer");

   if (nd -> eval_col != NULL)

      free(nd -> eval_col);

   if (nd -> var_list != NULL)

      free(nd -> var_list);

   free(nd);

}

boolean * create_eval_list (node_data *nd) {

// creates array of boolean values from last column of truth table

   int i;

   boolean * eval;

   MALLOC(eval, nd -> row_amt);

   for (i = 0; i < nd -> row_amt; i++)

      eval[i] = nd -> truth_table[i][nd -> col_amt - 1];

   return (eval);

}

void print_node_data (node_data * nd) {

   int i;

   int row, col;

   NL

   printf("Node data:\n");

   printf("node: %p\n",nd -> node);

   for (i = 0; i < nd -> var_list -> size; i++) 

      printf("variables[%d]: %d\n",i,nd -> var_list -> variables[i]);

   NL


     

   printf("Truth table:\n\n");

   printf("     ");

   for (i = 0; i < nd -> var_list -> size; i++)

      printf("%c ",'P' + nd -> var_list -> variables[i]);

   NL

   for (row = 0; row < nd -> row_amt; row++) {

      printf("%3d: ",row + 1);

      for (col = 0; col < nd -> var_list -> size; col++) {

          if (nd -> truth_table[row][col] == T)

             printf("T ");

          else

             printf("F ");

      }

      if (nd -> truth_table[row][col] == T)

         printf("   T");

      else

         printf("   F");

      NL

   }

   NL

}

int tree_size (tree_node *node) {

   if (node == NULL)

      return (0);

   return ( tree_size(node -> left) + tree_size(node -> right) + 1);

}

int tree_height (tree_node *node, int base_height) {

   int height_left;

   int height_right;

   if (node == NULL)

      return (base_height - 1);

   height_left = tree_height (node -> left, base_height + 1);

   height_right = tree_height (node -> right, base_height + 1);

   if (height_left > height_right)

      return (height_left);

   else

      return (height_right);

}

char * create_prefix_from_tree (tree_node *node) {

   char * prefix_expression;

   int size;

   int i;

   size = tree_size(node);

   // following: (token type indicator + digits + delimiter) + newline

   MALLOC(prefix_expression, size * (1 + MAX_VARIABLE_DIGITS + 1) + 1); 

   // clear array so that strcat in tree_as_prefix gets attached to leftmost element:

   for (i = 0; i < size * (1 + MAX_VARIABLE_DIGITS + 1) + 1; i++)

      prefix_expression[i] = 0;

   tree_as_prefix (node, prefix_expression);

   return (prefix_expression);

}

void tree_as_prefix (tree_node *node, char * prefix_expression) {

   char token[1 + MAX_VARIABLE_DIGITS + 2];  // token type indicator + digits + delimiter + newline

   if (node) {

      if (is_connective(node)) {

         sprintf(token,"%c%0x%c",CONNECTIVE_TOKEN,element_as_int(node->content),DELIMITER_TOKEN );

         strcat(prefix_expression, token);

      }

      else {

         sprintf(token,"%c%d%c",VARIABLE_TOKEN,element_as_int(node->content),DELIMITER_TOKEN);

         strcat(prefix_expression, token);

      }

      #if 0

      int i;

      printf("prefix_expression: ");

      for (i = 0; i < strlen(prefix_expression) + 1; i++)

         printf("%d|",prefix_expression[i]);

      NL

      #endif

      tree_as_prefix(node -> left, prefix_expression);

      tree_as_prefix(node -> right, prefix_expression);

   }

}

tree_node * create_tree_from_prefix (char *prefix) {

   return (prefix_as_tree (&prefix));

}

tree_node * prefix_as_tree (char **prefix) {

   tree_node * node;

   int token_value;

   char token_type;

   // check last 2 characters:

   if (*(*prefix + strlen(*prefix) - 1) != '.' || *(*prefix + strlen(*prefix)) != '\0')

      DIE("invalid prefix terminator.");

   token_type = **prefix;

   token_value = get_token(*prefix);

   // move to next token:

   while (**prefix != DELIMITER_TOKEN)

      (*prefix)++;

   (*prefix)++;

   if (**prefix != CONNECTIVE_TOKEN && **prefix != VARIABLE_TOKEN && **prefix != 0) 

      DIE("invalid next prefix.");

   if (token_type == CONNECTIVE_TOKEN) {

      node = create_node();

      add_node_left (node, prefix_as_tree(prefix) );

      add_node_right (node, prefix_as_tree(prefix) );

      insert_element ( node, create_element (CONNECTIVE,token_value) );

   } else {

      if (token_type == VARIABLE_TOKEN) {

         node = create_node();

         insert_element (node, create_element (VARIABLE,token_value));

      } else 

         DIE("illegal token type.");

   }

   return (node);

}

int get_token (char * prefix) {

   int i;

   int value;

   char digits[MAX_VARIABLE_DIGITS + 1];  // + 1 for null terminator

   if (*prefix == CONNECTIVE_TOKEN) {

      // move to next character after token type character

      prefix++;

      if ( (*prefix >= 'a') && (*prefix <= 'f')) 

         value = (*prefix - 'a' + 10);

      else

         value = atoi(prefix);

      return (value);

   }

   if (*prefix != VARIABLE_TOKEN) 

      DIE("prefix symbol not token type.");

   // variable:

   i = 0;

   while (*(++prefix) != DELIMITER_TOKEN)

      digits[i++] = *prefix;

   digits[i + 1] = 0;

   value = atoi(digits);

   return (value);

}

void swap_nodes (tree_node * node) {

   tree_node * temp_node;

   temp_node = node -> left;

   node -> left = node -> right;

   node -> right = temp_node;

}

boolean same_tree (tree_node * node_a, tree_node * node_b) {

// returns true if trees are same

   char * prefix_a;

   char * prefix_b;

   boolean same;

   prefix_a = create_prefix_from_tree(node_a);

   prefix_b = create_prefix_from_tree(node_b);

   if (strcmp (prefix_a,prefix_b) == 0)

      same = T;

   else

      same = F;

   free(prefix_a);

   free(prefix_b);

   return (same);

}

void smooth_variables (tree_node * node) {

// removes numerical gaps between variables

// e.g. changes 0,2 to 0,1 or P,R to P,Q.

   variable_list *vlist;

   vlist = create_variable_list(node);

   change_variables (node, vlist);

}

void change_variables (tree_node *node, variable_list *vlist) {

   node_element *new_emt;

   int new_id;

   int i;

   if (node->content->type == VARIABLE) {

      new_id = MAX_VARIABLES;

      for (i = 0; i < vlist -> size; i++) 

         if (vlist->variables[i] == node->content->id.variable_id)

            new_id = i;

      if (new_id == MAX_VARIABLES)

         DIE("cannot smooth variables: variable id not in variable list!");

      new_emt = create_element (VARIABLE, new_id);

      destroy_element (&node -> content);

      insert_element (node, new_emt);

   } else {

      change_variables (node -> left, vlist);

      change_variables (node -> right, vlist);

   }

}

void negate (node_element *emt) {

   int i;

   if (emt->type == VARIABLE) {

      if (emt -> negated == T) 

         emt -> negated = F;

      else

         emt -> negated = T;

   }

   if (emt->type == CONNECTIVE)

      for (i = 0; i < QUADRANTS; i++)

         emt->id.x_frame[i] = (emt->id.x_frame[i] + 1) % 2;

}

void reflect_tree (tree_node * node) {

   tree_node * temp;

   if (node->content->type == CONNECTIVE && node != NULL) {

      reflect_tree(node -> left);

      reflect_tree(node -> right);

      temp = node -> left;

      node -> left = node -> right;

      node -> right = temp;

      permute (node -> content, FH);

   }

}

/*

 * File:    group.c

 * Project: Master's Thesis

 * Author:  Anthony Pasqualoni

 * Adviser: Dr. Hrvoje Podnar

 * Date:    March 1, 2007

*/

void permute (node_element * emt, byte * permutation) {

// apply permutation of quadrants to specified node element

   int i;

   byte new_x_frame[QUADRANTS];

   if (emt -> type != CONNECTIVE)

      DIE("cannot permute: element not connective.");

   // define permuted x_frame:

   for (i = 0; i < QUADRANTS; i++) 

      new_x_frame[ permutation[i] ] =  emt -> id.x_frame[ i ];

   // copy permuted x_frame to current element's x_frame:

   for (i = 0; i < QUADRANTS; i++) 

      emt -> id.x_frame[i] = new_x_frame[i];

}

#define S4_SIZE 24

byte S4[S4_SIZE][QUADRANTS] = {

   {0,1,2,3}, // 0    I

   {0,1,3,2}, // 1

   {0,2,1,3}, // 2

   {0,2,3,1}, // 3

   {0,3,1,2}, // 4

   {0,3,2,1}, // 5

   {1,0,2,3}, // 6

   {1,0,3,2}, // 7

   {1,2,0,3}, // 8

   {1,2,3,0}, // 9

   {1,3,0,2}, // 10   R3

   {1,3,2,0}, // 11

   {2,1,0,3}, // 12

   {2,1,3,0}, // 13

   {2,0,1,3}, // 14

   {2,0,3,1}, // 15   R1

   {2,3,1,0}, // 16

   {2,3,0,1}, // 17

   {3,1,2,0}, // 18

   {3,1,0,2}, // 19

   {3,2,1,0}, // 20   R2

   {3,2,0,1}, // 21

   {3,0,1,2}, // 22

   {3,0,2,1}  // 23

};

byte I[QUADRANTS]  = {0,1,2,3};

byte R1[QUADRANTS] = {2,0,3,1};

byte R2[QUADRANTS] = {3,2,1,0};

byte R3[QUADRANTS] = {1,3,0,2};

byte FM[QUADRANTS] = {1,0,3,2};

byte FS[QUADRANTS] = {2,3,0,1};

byte FV[QUADRANTS] = {3,1,2,0};

byte FH[QUADRANTS] = {0,2,1,3};

#define V1_SIZE 4

byte *V1[V1_SIZE] = {I,R2,FH,FV};

#define C4_SIZE 4

byte *C4[C4_SIZE] = {I,R1,R2,R3};

#define V2_SIZE 4

byte *V2[V2_SIZE] = {I,R2,FM,FS};

#define D4_SIZE 8

byte *D4[D4_SIZE] = {I,R1,R2,R3,FM,FS,FV,FH};

void transform_tree (tree_node *node, byte *permutation) {

// applies same group element transformation to all nodes 

   if (node->content->type == CONNECTIVE && node != NULL) {

      permute (node->content, permutation);

      transform_tree (node->left, permutation);

      transform_tree (node->right, permutation);

   }

}

void transform_tree_random(tree_node * node) {

// applies a random element from specified permutation

   if (node->content->type == CONNECTIVE) {

      permute(node->content, S4[ random() % S4_SIZE ]);

      transform_tree_random(node->left);

      transform_tree_random(node->right);

   }

}

void permute_equiv (tree_node *node, byte *permutation) {

// Eight equivalence rules

// Applies permutations and modifies variables according to 

// equivalence rules.

   if (node == NULL)

      DIE("cannot transform: node not connective");

   if (node->content->type != CONNECTIVE) 

      DIE("cannot transform: node not connective");

   permute(node->content, permutation);

   if (permutation == FM) 

      negate(node->right->content);

   if (permutation == FS)

      negate(node->left->content);

   if (permutation == FH) 

      swap_nodes (node);

   if (permutation == FV) {

      swap_nodes (node);

      negate(node->left->content);

      negate(node->right->content);

   }

   if (permutation == R1) {

      swap_nodes (node);

      negate(node->left->content);

   }

   if (permutation == R2) {

      negate(node->left->content);

      negate(node->right->content);

   }

   if (permutation == R3) {

      swap_nodes (node);

      negate(node->right->content);

   }

}

/*

 * File:    connective.c

 * Project: Master's Thesis

 * Author:  Anthony Pasqualoni

 * Adviser: Dr. Hrvoje Podnar

 * Date:    March 1, 2007

*/

node_element * create_element (int type, int id) {

   node_element * emt;

   if (type != VARIABLE && type != CONNECTIVE)

      DIE ("illegal element type.");

   MALLOC(emt, sizeof (node_element));

   emt -> type = type;

   emt -> negated = F;  // default: not negated

   if (type == VARIABLE) {

      if (!(id < MAX_VARIABLES))

         DIE("variable id out of bounds.\n");

      emt -> id.variable_id = id;

   }

   else {

      set_connective (emt, id);

   }

   return (emt);

}

void destroy_element (node_element **emt) {

// frees memory allocated to a connective or variable

   // warning: if a connective appears in more than one node,

   // destroying it in one node destroys it in all nodes.

   if (*emt == NULL)

      DIE("destroy_element: cannot free null pointer");

   free(*emt);

   *emt = NULL;

}

void insert_element (tree_node *node, node_element *emt) {

// inserts a connective or variable into a tree node

// this allows e.g. a pointer to the same element to be inserted into 

// multiple nodes.

   if (node->left == NULL && node->right == NULL)

      if (emt -> type == CONNECTIVE)

         DIE("cannot insert connective into node with left,right = NULL.");

   if (node->left != NULL || node->right != NULL)

      if (emt -> type == VARIABLE)

         DIE("cannot insert variable into node with left/right != NULL.");

   if (node->content != NULL)

      DIE("cannot insert element: node content not NULL.");

   node -> content = emt;

}

boolean is_boolean (byte suspect) {

   if ((suspect == T) || (suspect == F))

      return (T);

   else

      return (F);

}

boolean is_connective (tree_node * node) {

   if (node -> left != NULL && node -> right != NULL) {

      if (node -> content -> type != CONNECTIVE)

         DIE ("left/right NULL, but node content is not connective.");

      return(T);

   }

   return(F);

}

void set_connective (node_element *emt, int id) {

   if (!(emt -> type == CONNECTIVE))

      DIE("cannot set connective: illegal element type.");

   if (!(id < CONNECTIVE_AMT))

      DIE("cannot set connective: id out of bounds.");

   emt -> id.x_frame[0] = (id & 8)/8;       // TT

   emt -> id.x_frame[1] = (id & 4)/4;       // TF

   emt -> id.x_frame[2] = (id & 2)/2;       // FT

   emt -> id.x_frame[3] = (id & 1)/1;       // FF

}

void set_variable (int id, boolean tfvalue) {

   if (!(id < MAX_VARIABLES))

      DIE ("cannot set variable: id out of bounds.\n");

   if (!is_boolean(tfvalue))

      DIE ("cannot set variable: not a boolean value.");

   P[id] = tfvalue;

}   

int element_as_int (node_element * element) {

   if (element -> type == VARIABLE)

      return (element -> id.variable_id);

   return ( 8 * element -> id.x_frame[0] +

            4 * element -> id.x_frame[1] +

            2 * element -> id.x_frame[2] +

            1 * element -> id.x_frame[3]  );

}

void print_element (node_element * emt) {

   char alpha[2] = {'F','T'};

   if (emt -> type == VARIABLE)

      printf("%2d", emt -> id.variable_id);

   else    

      if (emt -> type == CONNECTIVE)

         printf("%c %c %c %c",alpha[emt -> id.x_frame[0]],

                              alpha[emt -> id.x_frame[1]],

                              alpha[emt -> id.x_frame[2]],

                              alpha[emt -> id.x_frame[3]] );

}

/*

 * File:    graph.c

 * Project: Master's Thesis

 * Author:  Anthony Pasqualoni

 * Adviser: Dr. Hrvoje Podnar

 * Date:    March 1, 2007

*/

#include <cairo.h>

void draw_tree (tree_node *node, surface **s, int x, int y, int shift) {

   if ((*s) == NULL)

      DIE("cannot draw tree: surface is NULL.");

   if ( (*s) -> shape_amt + 1 > MAX_SHAPES )

      DIE("cannot draw tree: maximum shapes exceeded.");

   if ( y > (*s) -> height - ROW_HEIGHT || y < 0 ) {

      printf("y out of bounds. returning.\n");

      return;

   }

   if ( x > (*s) -> width || x < 0) {

      x = 0;

  }

   (*s) -> shape_list[(*s)->shape_amt] = create_shape(node -> content, x, y, ELEMENT_WIDTH);

   if (y > (*s) -> current_row)

      (*s) -> current_row = y;

   // draw connecting lines:

   if (node -> content -> type == CONNECTIVE)

      draw_paths ( (*s) -> shape_list[(*s)->shape_amt], x, y, shift);

   (*s) -> shape_amt++;

   shift = shift/2;

   if (shift < ELEMENT_WIDTH)

      shift = ELEMENT_WIDTH;

   if (node -> left) 

      draw_tree (node -> left, s, x - shift, y + ROW_HEIGHT, shift);

   if (node -> right) 

      draw_tree (node -> right, s, x + shift - 1, y + ROW_HEIGHT, shift);

}

void draw_paths (shape * sh, int x, int y, int shift) {

      sh -> path_left_x[0] = x - ELEMENT_WIDTH/1.25;

      sh -> path_left_y[0] = y;

      sh -> path_left_x[1] = x - shift/2;

      sh -> path_left_y[1] = y + ROW_HEIGHT - ELEMENT_WIDTH/2;

      sh -> path_right_x[0] = x + ELEMENT_WIDTH/1.25;

      sh -> path_right_y[0] = y;

      sh -> path_right_x[1] = x + shift/2;

      sh -> path_right_y[1] = y + ROW_HEIGHT - ELEMENT_WIDTH/2;

}

void draw_surface (surface *s) {

// draws a surface using SVG; alternative to png format.

   int i;

   int line;

   char svg[1000000];    

   char svg_string[500];

   shape * sh;

   FILE *fp;

   strcat (svg, str(<?xml version='1.0' standalone='no'?>\n));

   strcat (svg, str(<!DOCTYPE svg PUBLIC '-//W3C//DTD SVG 1.1//EN' 'http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd'>\n));

   sprintf (svg_string, str(<svg width="%d" height="%d" version="1.1" xmlns="http://www.w3.org/2000/svg">\n),

      s -> width, s -> height);

   strcat (svg, svg_string);

   for (i = 0; i < s -> shape_amt; i++) {

      sh = s -> shape_list[i];

      if ( sh -> text[0] != 0 ) {

         sprintf(svg_string,str(<text x="%d" y="%d" fill = "black" font-size = "%d"> %s </text>\n ), 

             sh -> text_x, sh -> text_y, (int)(ELEMENT_WIDTH * 1.25), sh -> text);

         strcat(svg, svg_string);

      }

      if ( sh -> line_amt > 0 ) {

         for (line = 0; line < sh -> line_amt; line++) {

           sprintf(svg_string,str(<line x1="%d" y1="%d" x2="%d" y2="%d" stroke="black" stroke-width="1" />\n),

              sh -> line_first_x[line], sh -> line_first_y[line], sh -> line_last_x[line], sh -> line_last_y[line]);

           strcat(svg, svg_string);

         }

      }     

      // draw connecting paths:

      sprintf(svg_string,str(<line x1="%d" y1="%d" x2="%d" y2="%d" stroke="#CCCCCC" stroke-width="1" />\n),

         sh -> path_left_x[0], sh -> path_left_y[0], sh -> path_left_x[1], sh -> path_left_y[1]);

      strcat(svg, svg_string);

      sprintf(svg_string,str(<line x1="%d" y1="%d" x2="%d" y2="%d" stroke="#CCCCCC" stroke-width="1" />\n),

         sh -> path_right_x[0], sh -> path_right_y[0], sh -> path_right_x[1], sh -> path_right_y[1]);

      strcat(svg, svg_string);

   }

   strcat (svg, str(</svg>\n));

   fp = fopen("./test.svg","w");

   fprintf(fp,svg);

   fclose(fp);

   system ("cp ./test.svg /var/www/html/");

}

surface * create_surface (int width, int height) {

   surface * s;

   MALLOC(s, sizeof(surface));

   s -> width = width;

   s -> height = height;

   if (height > MAX_SURFACE_HEIGHT) 

      DIE("cannot create surface: maximum height exceeded.");

   s -> current_row = ELEMENT_WIDTH;

   s -> shape_amt = 0;

   return (s);

}

shape * create_shape (node_element *emt, int center_x, int center_y, int width) {

   shape * sh;

   MALLOC(sh, sizeof(shape));

   sh -> text[0] = 0;

   sh -> line_amt = 0;

   sh -> text_x = 0;

   sh -> text_y = 0;

   // draw variable:

   if (emt -> type == VARIABLE) {

      if (emt -> negated == F)

         sprintf(sh -> text,"%c",80 + emt -> id.variable_id); // ASCII for 'P' is 80

      else

         sprintf(sh -> text,"~%c",80 + emt -> id.variable_id); // ASCII for 'P' is 80

      sh -> text_x = center_x - ELEMENT_WIDTH/4;

      sh -> text_y = center_y - ELEMENT_WIDTH/4;

      sh -> line_amt = 0;

      return (sh);

   }

   // connective:

   // x-frame:

   sh -> line_first_x[0] = center_x - width/2;

   sh -> line_first_y[0] = center_y - width/2;

   sh -> line_last_x[0]  = center_x + width/2;

   sh -> line_last_y[0]  = center_y + width/2;

   sh -> line_first_x[1] = center_x + width/2;

   sh -> line_first_y[1] = center_y - width/2;

   sh -> line_last_x[1]  = center_x - width/2;

   sh -> line_last_y[1]  = center_y + width/2;

   sh -> line_amt = 2;

   // connective lines:

   if (emt -> id.x_frame[0] == F) {

      sh -> line_first_x[ sh->line_amt ] = center_x - width/2;

      sh -> line_first_y[ sh->line_amt ] = center_y - width/2;

      sh -> line_last_x [ sh->line_amt ]  = center_x + width/2;

      sh -> line_last_y [ sh->line_amt ]  = center_y - width/2;

      sh -> line_amt++;

   }

   if (emt -> id.x_frame[1] == F) {

      sh -> line_first_x[ sh->line_amt ] = center_x - width/2;

      sh -> line_first_y[ sh->line_amt ] = center_y - width/2;

      sh -> line_last_x [ sh->line_amt ]  = center_x - width/2;

      sh -> line_last_y [ sh->line_amt ]  = center_y + width/2;

      sh -> line_amt++;

   }

   if (emt -> id.x_frame[2] == F) {

      sh -> line_first_x[ sh->line_amt ] = center_x + width/2;

      sh -> line_first_y[ sh->line_amt ] = center_y - width/2;

      sh -> line_last_x [ sh->line_amt ]  = center_x + width/2;

      sh -> line_last_y [ sh->line_amt ]  = center_y + width/2;

      sh -> line_amt++;

   }

   if (emt -> id.x_frame[3] == F) {

      sh -> line_first_x[ sh->line_amt ] = center_x - width/2;

      sh -> line_first_y[ sh->line_amt ] = center_y + width/2;

      sh -> line_last_x [ sh->line_amt ]  = center_x + width/2;

      sh -> line_last_y [ sh->line_amt ]  = center_y + width/2;

      sh -> line_amt++;

   }

   return (sh);

}

void cairo_draw_surface (surface *s, char *fname) {

   int i;

   int line;

   shape * sh;

   cairo_surface_t *surface;

   cairo_t *cr;

   // height of image is determined by current row:

   if (s -> current_row < ELEMENT_WIDTH || s -> current_row > MAX_SURFACE_HEIGHT)

      DIE("cannot draw surface: surface current_row out of bounds.");

   surface = cairo_image_surface_create (CAIRO_FORMAT_ARGB32, s -> width, s -> current_row);

   cr = cairo_create (surface);

   cairo_select_font_face (cr, "Serif", CAIRO_FONT_SLANT_NORMAL, CAIRO_FONT_WEIGHT_BOLD);

   cairo_set_font_size (cr, ELEMENT_WIDTH * 1.50);

   cairo_set_line_width (cr, 1.0);

   for (i = 0; i < s -> shape_amt; i++) {

      sh = s -> shape_list[i];

      // draw connecting paths:

      cairo_set_source_rgba (cr, 0.8, 0.8, 0.8, 1.0);

      cairo_move_to (cr, sh -> path_left_x[0], sh -> path_left_y[0]);

      cairo_line_to (cr, sh -> path_left_x[1], sh -> path_left_y[1]);

      cairo_move_to (cr, sh -> path_right_x[0], sh -> path_right_y[0]);

      cairo_line_to (cr, sh -> path_right_x[1], sh -> path_right_y[1]);

      cairo_stroke (cr);

      // draw element:

      cairo_set_source_rgba (cr, 0.0, 0.0, 0.0, 1.0);

      if ( sh -> text[0] != 0 ) {

         cairo_move_to (cr, sh -> text_x, sh -> text_y);

         cairo_show_text (cr, sh -> text);

      }

      if ( sh -> line_amt > 0 ) {

         for (line = 0; line < sh -> line_amt; line++) {

           cairo_move_to (cr, sh -> line_first_x[line], sh -> line_first_y[line]);

           cairo_line_to (cr, sh -> line_last_x[line], sh -> line_last_y[line]);

         }

         cairo_stroke (cr);

      }     

   }

   cairo_stroke (cr);

   cairo_surface_write_to_png (surface, fname);

   cairo_destroy (cr);

   cairo_surface_destroy (surface);

}

void ca_test (void) {

   cairo_surface_t *surface;

   cairo_t *cr;

   surface = cairo_image_surface_create (CAIRO_FORMAT_ARGB32, 500, 500);

   cr = cairo_create (surface);

   cairo_select_font_face (cr, "Serif", CAIRO_FONT_SLANT_NORMAL, CAIRO_FONT_WEIGHT_BOLD);

   cairo_set_font_size (cr, 32.0);

   cairo_set_source_rgba (cr, 0.0, 0.3, 1.0, 1.0);

   cairo_move_to (cr, 10.0, 50.0);

   cairo_show_text (cr, "Cairo test 2.");

   cairo_surface_write_to_png (surface, "./test.png");

   cairo_destroy (cr);

   cairo_surface_destroy (surface);

}

/*

 * File:    logic.h

 * Project: Master's Thesis

 * Author:  Anthony Pasqualoni

 * Adviser: Dr. Hrvoje Podnar

 * Date:    April 10, 2007

*/

#include <stdlib.h>

#include <stdio.h>

#include <string.h>

#include <math.h>

#include <assert.h>

#define T 1           // true

#define F 0           // false

// for strings:

#define str(x) # x

#define MAX_STRING_SIZE 100     // maximum generic string size

// for drawing:

#define MAX_LINES 6            // maximum lines a shape can have for drawing

#define MAX_SHAPES 10000       // maximum elements in a drawing

#define ELEMENT_WIDTH 10 

#define ROW_HEIGHT ELEMENT_WIDTH * 2.5

#define MAX_SURFACE_HEIGHT 30000 // maximum height of surface (PNG max: ~40000)

#define QUADRANTS 4             // x-frame quadrants

#define CONNECTIVE_AMT 16       // amount of logical connectives

#define MAX_VARIABLES 8         // variable store

#define NULL_VARIABLE_ID MAX_VARIABLES + 1     // indicates null variable

#define MAX_LEAFS 1000          // for leaf lists

#define MAX_NODES 1000          // for node lists

#define MAX_TREES 10000         // for tree lists

#define MAX_SEQUENCES 100000    // maximum length of variable sequence list

// for tree_as_prefix, prefix_as_tree:

#define CONNECTIVE_TOKEN 'C'    // indicates token is a connective

#define VARIABLE_TOKEN 'P'      // indicates token is a variable

#define DELIMITER_TOKEN '.'     // separates tokens in prefix expression

#define MAX_VARIABLE_DIGITS  5  // maximum number of digits in a variable

// for truth table array:

#define MAX_TABLE_COLS MAX_VARIABLES + 1  // +1 is for actual T/F value of entire tree

#define MAX_TABLE_ROWS (int)pow(2,MAX_VARIABLES)

// this definition based on code from http://www.geocities.com/arhuaco/log/src/rng1.c:

#define MALLOC(var,size) \

   (var) = malloc(size); \

   if(!(var)) \

      fprintf(stderr, "%s:%d: out of memory\n", __FILE__, __LINE__), \

      exit(EXIT_FAILURE); 

#define DIE(msg) \

   fprintf(stderr, "error in %s:%d: %s\n", __FILE__, __LINE__, msg), \

   exit(EXIT_FAILURE); 

#define NL \

   printf("\n");

#define REPORT \

   printf("---> reporting from file %s line %d\n",__FILE__,__LINE__); \

   fflush(stdout);

typedef unsigned char boolean;

typedef unsigned char byte;

enum {TAUTOLOGY,CONTINGENT,CONTRADICTION} equivalence_class;

struct NODE_ELEMENT {

   boolean negated;

   enum {VARIABLE,CONNECTIVE} type;

   union {

      int variable_id;

      byte x_frame[QUADRANTS];  

   } id;

};

typedef struct NODE_ELEMENT node_element;

struct TREE_NODE {

   node_element *content; 

   struct TREE_NODE *left;

   struct TREE_NODE *right;

};

typedef struct TREE_NODE tree_node;

struct SYMBOL_FIELD {

   int height;

   int width;

   char symbol[20][100];

};

typedef struct SYMBOL_FIELD symbol_field;

struct TREE_LIST {

   int size;

   tree_node * trees[MAX_TREES];

};

typedef struct TREE_LIST tree_list;

struct LEAF_LIST {

   int size;

   tree_node * leafs[MAX_LEAFS];

};

typedef struct LEAF_LIST leaf_list;

struct VARIABLE_SEQUENCE_LIST {

   int size;

   int sequences[MAX_SEQUENCES][MAX_LEAFS];

};

typedef struct VARIABLE_SEQUENCE_LIST variable_sequence_list;

struct NODE_LIST {

   int size;

   tree_node *nodes[MAX_NODES];

};

typedef struct NODE_LIST node_list;

struct VARIABLE_LIST {

   int size;

   int variables[MAX_VARIABLES]; // each element of array is a variable subscript

                                 // that serves as an index to P[]

};

typedef struct VARIABLE_LIST variable_list;

struct NODE_DATA {

   tree_node * node;

   variable_list * var_list;

   int col_amt;

   int row_amt;

   boolean truth_table[MAX_TABLE_ROWS][MAX_TABLE_COLS];

   boolean * eval_col; // last column of truth table (evaluation of node)   

   int class;   // equivalence class

};

typedef struct NODE_DATA node_data;

// returns data for drawing connectives and variables:

struct SHAPE {

   char text[MAX_STRING_SIZE];   // for variable names and labels

   int text_x;

   int text_y;

   int line_amt;                 // amount of lines to draw

   int line_first_x[MAX_LINES];  // x coordinates

   int line_first_y[MAX_LINES];        

   int line_last_x[MAX_LINES];         

   int line_last_y[MAX_LINES];         

   // connecting lines:

   int path_left_x[2];

   int path_left_y[2];

   int path_right_x[2];

   int path_right_y[2];

};

typedef struct SHAPE shape;

// returns data for drawing connectives and variables:

struct SURFACE {

   int width;

   int height;

   int shape_amt;

   shape *shape_list[MAX_SHAPES];

   int current_row;

};

typedef struct SURFACE surface;

// global variables:

boolean P[MAX_VARIABLES];       // variable store: index to P[] serves as variable subscript.

                                // array stores T/F value for each variable.

char set_name[MAX_STRING_SIZE];

// for parent-child pair statistics:

double emt_ratio;

#define WORD_GROUP_AMT 4

double word_count[WORD_GROUP_AMT];

int tree_amt;

int tautology_amt;

int max_depth;

tree_list * unique_trees;

int first_conn = 7; // first connective in current set

int search_node_amount = 3;

int connective_count[CONNECTIVE_AMT];

boolean search_tautologies;

int equal_nand_amt;

double min_or;

double min_word;

int majority;

// function definitions:

boolean is_reducible (tree_node *tree, surface *s);

void generate (void);

void print_node (tree_node * node);

void destroy_tree (tree_node * node);

void test_group (void);

void test_reflect (void);

void test_permute_equiv (void);

void test_set (int set, int orchard_size);

void test_common_node (int orchard_size);

void test_uniform_group (void);

void explore (tree_node *root, tree_node *node, int depth);

void search_full (void);

void search_tree_forms (void);

boolean insert_connective (tree_node * node);

void search (void);

void exhaustive_search (tree_node *tree, int set[], int set_size, char *fname);

void next (tree_node *node, node_list *list, int set[], int set_size, surface *s);

variable_sequence_list * create_variable_sequence_list (int var_amt);

void tree_to_word (tree_node *root, int *word);

void print_word (int *word);

void test_linear_tree (void);

void count_words (int size, int set, int amount, double *count);

void count_tree_words (void);

void deduction (void);

boolean * create_eval_list (node_data *nd);

char * create_prefix_from_tree (tree_node *node);

void tree_as_prefix (tree_node *node, char * prefix_expression);

tree_node * create_tree_from_prefix (char *prefix);

tree_node * prefix_as_tree (char **prefix);

void print_tree_node (tree_node * node, int y, int x, symbol_field * field);

int get_token (char * prefix);

void test_tree (void);

void test_same_tree (void);

void count_nodes (tree_node * node);

void guess_tautology (int tree_size);

void count_equal_nands (tree_node * node);

boolean same_tree (tree_node * node_a, tree_node * node_b);

boolean add_tree_if_unique (tree_list * list, tree_node * node);

tree_list * create_tree_list (void);

void change_variables (tree_node *node, variable_list *vlist);

void smooth_variables (tree_node *node);

void swap_nodes (tree_node * node);

int random_connective (int set);

tree_node * create_random_tree (int node_amt, int set);

boolean trees_equivalent (tree_node *tree_a, tree_node *tree_b);

void destroy_node_data (node_data * nd);

void get_nodes (tree_node * node, node_list *list);

node_list * create_node_list (tree_node * node);

tree_node * copy_node (tree_node * node);

void draw_trees (void);

void permute_equiv (tree_node *node, byte *permutation);

void set_connective (node_element *emt, int id);

void negate (node_element *emt);

surface * create_surface (int width, int height);

shape * create_shape (node_element *emt, int center_x, int center_y, int width);

void draw_tree (tree_node *node, surface **s, int x, int y, int shift);

void draw_surface (surface *s);

void draw_paths (shape * sh, int x, int y, int shift);

void cairo_draw_surface (surface *s, char *fname);

void ca_test (void);

void variable_list_test (void);

// power function:

int my_pow (int x, int y) {

   int i;

   int total;

   total = 1;  // x^0

   for (i = 1; i <= y; i++)

      total *= x;

   return (total);

}
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§2. Notations for the Binary Connectives

What has been called the box-X notation was described in 1902 in
431A: 53-54, which became MS 429: 34-35, but was not fully displa
there. In those pages (4.261 has the first part) x and yrepresent “two qu
tities,” each having one of two values. The value assigned to a letter ¥
indicated by a line below or above the letter. This gave rise to four “possi
states of things, as shown in this diagram.” Then followed our Figure 17
in which the expression in the left quadrant is for xy and the expressiol
the right quadrant is for xy. - 1
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